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ABSTRACT 
A mathematical model for free-form solid modelling was presented in previous published works. The key aspects of this 
model are the decomposition of the volume occupied by the solid into non-disjoint cells, and the representation of the solid 
as an algebraic sum of these cells. Here we apply this scheme to represent CSG solids built by combining free-form solids in 
boolean operations. As a proof of the validity of this scheme, we present an algorithm that allows us to visualize the non-
evaluated result of the operations. We have worked with free-form solids whose surfaces are bounded by a set of low degree 
triangular parametric patches. 
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1. INTRODUCTION 
Solid modelling can be defined as a consistent set of prin-
ciples for mathematical and computer modelling of three-
dimensional solids [Sha02]. One open issue in solid model-
ling is the representation in an exact, useful and efficient 
way of solids bounded by free-form elements (curves in 
2D, curved surfaces in 3D, etc.). These are usually named 
free-form solids. 

Operations like visualization, boolean combination, surface 
determination, collision detection and so on, depend on the 
representation scheme used for solids; some schemes en-
hance the performance of some operations, while others are 
intended to be as versatile as possible. 

The Extended Simplicial Chain (ESC) model was pre-
sented as a mathematical model to represent free-form 
solids in a simple and robust way by means of an algebraic 
decomposition [RF99b, GRF03]. Based on this scheme, 
algorithms have been developed to test the inclusion of a 
point [RF99a, GRF04], obtain a B-Rep or a voxel represen-
tation [RF02] of free-form solids. 

Here we apply the ESC model to develop a method to ob-
tain an algebraic decomposition of CSG solids built by 
applying boolean operations to a set of free-form primi-

tives bounded by triangular Bézier patches [Far86]. Notice 
that the ESC model is not only a boundary representation, 
but also a volume representation scheme. 

2. PREVIOUS WORK 
Constructive Solid Geometry (CSG) is one of the most 
popular representation schemes for solid modelling 
[RV77]. CSG solids are built as boolean combinations of 
simpler solids (primitives). The classic data structure asso-
ciated with this scheme is a binary tree, where the non-
terminal nodes represent boolean operations, and the ter-
minal nodes store either primitives or transformations. 

There appear problems when applying the CSG approach 
to free-form solid modelling, mainly related to boundary 
evaluation and visualization. Using a reduced set of free-
form primitives and exact computation [Key00] is one way 
to solve this; other solutions get approximate results with 
variable cost and precision [BKZ01]. 

The visualization of CSG solids is another important field 
of research. Many different approaches have been studied: 
using polyhedral approximations (lossy precision) [RS97], 
complex mathematical developments (numerical stability 
problems) [KGMM97], ray shooting techniques (computa-
tionally expensive) [HG96], or modifying the rendering 
pipeline (memory expensive and complexity) [SLJ02]. 

Feito et al. proposed the algebraic decomposition of poly-
hedral solids in previous works [FR98]; this was the Sim-
plicial Chain (SC) model. Ruiz et al. extended the SC 
model to free-form solids, this is the Extended Simplicial 
Chain (ESC) model [RF99b]. The application of this 
scheme to free-form solids bounded by triangular Bézier 
patches has been recently developed [GRF03]. 

3. THE ESC MODEL 
The Extended Simplicial Chain (ESC) model use a divide 
and conquer approach to model free-form solids. The sol-
ids are decomposed into a set of non-disjoint extended cells 
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of two types: simplices and free-form cells. Each cell has 
an associated sign; the volume of positive cells is added to 
the solid, and the volume of negative cells is subtracted 
from the solid. This decomposition scheme allows us to 
develop algorithms just by combining in a sum the results 
of computing the test locally in the individual cells. 

The ESC model is intended for representing general free-
form solids. Up to now, the model has been successfully 
applied to 2D solids bounded by conics and Bézier curves 
[RF97], and 3D solids bounded by triangular algebraic 
patches [RF99b, Rui01] and triangular Bézier patches 
[GRF03]. 

In this work, the starting point to construct the ESC associ-
ated to a 3D free-form solid is a triangle mesh that ap-
proximates the shape of the solid. The surface of the solid 
is built from these triangles [VPBM01, HB03]. 

Simplices 
A d-dimensional simplex is defined as the convex hull of 
d+1 affinely independent points. We use 2D simplices for 
2D solids, 3D simplices for 3D solids and so on. 

In our model, each 3D simplex is built by joining one arbi-
trary point (e.g. the origin of coordinates) with the vertices 
of each triangle. These are named original simplices. 

We compute the associated sign of a 3D simplex as the 
sign of its signed volume, which can be computed as: 
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T1, T2, T3, T4 being the vertices of the simplex. 

Figure 1 shows two original simplices (tetrahedra). 
 
 
 
 
 
 
 
 
 

Free-form Cells 
A general d-dimensional free-form cell (ffc) is defined as a 
set of points in Rd, obtained as the intersection of the half-
spaces defined by a free-form element of dimension d, and 
one or more planar elements of dimension (d-1) that veri-
fies a number of properties ensuring closure and conectiv-
ity (see [RF99b, GRF03] for details). 

The ffc as defined in the bibliography needs to be specified 
in more detail, as the number and computation of the pla-
nar elements depend on the type of free-form elements 
chosen to bound the solids. This time, we are working with 
triangular Bézier patches [Far86], and the planar elements 
necessary to completely close the ffc are the plane contain-
ing the base triangle of the main patch of the cell and three 

additional planes (called associated planes); each plane 
contains one of the edges of the base triangle of the main 
patch, and is parallel to the weighted average vector of the 
normal vectors from the two triangles that share that edge. 
An ffc is bounded by the mentioned planar elements, the 
main patch, and all the patches that share a vertex with the 
main patch and intersect the planar elements [GRF04]. 

Figure 2 left shows the bounding elements of an ffc. The 
associated planes are drawn as quadrilaterals; the main 
triangular Bézier patch of the ffc is drawn in shaded mode, 
and one neighbour patch that also bounds the ffc is drawn 
in wireframe mode. Figure 2 right shows the ffc as a solid. 

 

 
 
 
 
 

Considering the triangle vertices disposed counterclock-
wise, an ffc is positive if it is in the positive half-space 
defined by the plane that contains the base triangle, and 
negative if it is in the negative one. If the patches pass 
through the plane that contains the base triangle, each con-
nected component is considered a different ffc.  

Extended Simplicial Chains 
A (3-dimensional) Extended Simplicial Chain, δ, is defined 
as ∑ ⋅=

i
ii Eαδ . Ei being extended cells, each of them 

multiplied by an integer αi (its coefficient). There is an 
integer-valued function associated to each ESC, which is 
defined in the following way: 
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For a point Q of the space,  fδ is the sum of the coefficients 
associated with the extended cells that contain Q. 

The associated function of an ESC is different from zero 
only for those points that belong to the free-form solid 
represented by δ (noted FFδ). There is a simple point in 
solid test based on this property [RF99a, GRF04]. 

The same solid can be represented by several ESC’s. We 
define a normal extended simplicial chain as the one that 
verifies δδ FFf ∈∀= QQ 1)( . 

From now on, we will consider only normal ESC’s. 

3.3.1 Operating with ESC’s 

Let ∑
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λ a scalar value. The sum of two ESC’s, and the product of 
an ESC by a scalar value are defined as: 
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Figure 1. Wireframe model, positive (blue) and nega-
tive (red) original simplices 

Figure 2. Left: bounding elements of an ffc. 
Right: solid view of the same ffc 



Figure 3. Example of CSG tree 

The regularization of these operations is described in 
[RF99b, Rui01, GRF03]. We consider always regularized 
operations. 

4. REPRESENTATION OF BOOLEAN 
OPERATIONS 
Using the ESC model, boolean operations can be repre-
sented applying the divide and conquer approach to reduce 
them to a combination of operations with extended cells, 
which are much simpler than the original solids. 

Let us note the intersection of extended cells E and E’ as 
ExCell(E∩E’). Computing ExCell(E∩E’) involves comput-
ing the intersection of the bounding elements of E and E’. 
It would be also necessary to define a new type of ex-
tended cell to represent the sets of points bounded by 
fragments of the bounding elments of E and E’. At the 
moment, we are working on this topic. An alternative op-
tion for this process consists of decomposing the intersec-
tion in an approximative way, using smaller simplices and 
ffc’s to represent the resulting sets. 

Using ESC’s to represent solids and boolean operations 
allows us to delay the computation of ExCell(E∩E’) de-
pending on how the result will be applied. As the volume 
of positive and negative cells often compensates, the 
evaluation of ExCell(E∩E’) can be avoided for cells whose 
intersection do not add volume to the final solid. 

Now we present the expressions for the representation of 
boolean operations. Theorems establishing these formulas 
and their demonstrations can be found in [Rui01, GRF03]. 

Let FF1 and FF2 be two free-form solids, and let 
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normal ESC’s. The associated normal ESC for the solid 
obtained as the intersection FFδ = FF1∩FF2 is: 
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In practice, if there is no intersection between one Ei and 
one Ej, ExCell(Ei∩Ej) is an empty set, and therefore it can 
be deleted from the sum. 

The union and difference operations can be expressed us-
ing the intersection: 

Let δFF1∩FF2 be the ESC of the intersection of FF1 and FF2. 
The normal ESC for the solid obtained as the union FFδ = 
FF1∪FF2, is 

2121 FFFF ∩−+= δδδδ , the normal ESC of 

the difference of FF1 and FF2, noted FFδ = FF1 – FF2 is 

211 FFFF ∩−= δδδ , and finally, the extended simplicial 
chain for the solid obtained by applying the complement 
operation on a free-form solid, noted FF1

C is 

1δδδ −= RC , where δR verify 31 RQ ∈∀=
R

fδ . In 

practice, δR can be implemented as a cube that contains the 
whole scene. 

5. REPRESENTATION OF CSG SOLIDS 
The expressions from section 4 allow us to build an ESC 
for the result of a boolean operation between two free-form 

solids represented by ESC’s. Since the result of this opera-
tion is another ESC, it can be used again as an operand in a 
new boolean operation. If we repeat this process, we can 
obtain a chain for the final result of a whole tree of boolean 
operations to design a complex CSG solid. 

Figure 3 shows an example of a CSG tree where the leaf 
nodes are free-form solids represented by ESC’s. 

By applying the ESC model, we can obtain an homogene-
ous representation for both free-form primitives and CSG 
solids, and algorithms designed for free-form solids with 
ESC’s can be easily applied to CSG solids [RF02]. 

 

 

 

 

 

 

 

 

 

 

As it was mentioned in section 4, the intersection of ex-
tended cells is a very important issue to be considered 
when creating the ESC that represents the result of a boo-
lean operation. This can be handled in two ways: 

• Compute the intersection of the cells and construct a 
new ESC that represents the resulting set of points. This 
can be done by defining a new type of extended cell to 
represent the sets of points, or by decomposing the re-
sult in simplices and ffc’s. The second choice can result 
in a huge number of cells that can make the resulting 
ESC useless, while the first one seems more efficient. 

• Do not evaluate the intersection, but keep a pointer to 
each extended cell instead. In this case, when applying 
an operation on an intersection of cells it is necessary to 
operate on both cells, and then combine the results. 

Proceeding as explained in the first option will produce a 
completely evaluated CSG solid. The second option corre-
sponds to a classic non-evaluated CSG solid. 

6. VISUALIZATION OF NON-
EVALUATED CSG SOLIDS 
Based on the point in solid test mentioned in section 3.3, 
we have developed a visualization algorithm for solids 
based on ray tracing techniques [Gla93]. The algorithm 
consists basically of the following steps: 

• Cast a ray through the centre of each pixel. 
• Compute all the intersections of the ray with each cell. 
• Use the point in solid test to find the first intersection 

point that belongs to the solid. 
• Use the colour properties of that intersection point to 

draw the corresponding pixel as usual. 



Figure 4. a) Two free-form solids. b) Union. 
c) Intersection. d) Difference 

To render images of a non-evaluated CSG solid, we just 
have to consider the second option from section 5 to repre-
sent the intersection of extended cells. To compute the 
intersection of a ray with ExCell(E∩E’), simply compute 
the intersections of the ray with E and E’, and then study 
the position of the intersection points of E with regard to 
E’ and vice versa. A point will be considered as an inter-
section with ExCell(E∩E’) only if it belongs to E and E’. 

Figure 4 shows a pair of free-form solids and the visualiza-
tion of the boolean operations applied to them. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
The visualization algorithm also makes it possible to get 
partial images of a given solid. This is possible by passing 
portions of the ESC as arguments for the visualization 
algorithm. Doing this allows us to observe how the positive 
and negative cells compensate to obtain the final result. 

7. CONCLUSIONS 
The application of a mathematical model to the representa-
tion of CSG solids built from free-form primitives has been 
presented. This model makes it possible to decompose the 
solids in an algebraic expression, which allows a simple 
and uniform handling of the primitives and the final solids 
just by working with the individual cells and then combin-
ing the results. This decomposition considers the solid not 
only as its boundary, but also as a volume, and the cells are 
allowed to intersect with other cells. This feature makes the 
decomposition process very simple. 

The utility of the model to develop robust and simple algo-
rithms has been proved in previous published works 
[RF99a, RF02, GRF04], and also in this paper, where an 
algorithm to render images of non-evaluated CSG solids 
based on ray shooting techniques has been presented. 
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