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Abstract A thin plane piezoelectric inclusion is perfectly bonded to a surrounding elastic matrix (in two-dimensional Euclidean
space) and subjected to an incident plane longitudinal shear wave. Using the representation theorem, the problem is reduced
to singular integral equation that is solved numerically for arbitrary values of inclusion and matrix parameters.
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I. INTRODUCTION

Nowadays the electromechanical systems with piezo-
electric patches are widely used in ultrasonic non-
destructive testing of materials and constructions, in ul-
trasonic welding, cleaning of surfaces, in ultrasonic diag-
nostics in medicine [1-3]. In such applications the reliable
mathematical models adequately describing the wave pro-
cesses play an important role.

In this paper, the problem of diffraction of longitudinal
shear waves on a thin piezoelectric inclusion of arbi-
trary rigidity is considered. Using a known model of the
interaction of inclusion with an elastic medium [4] the
corresponding boundary-value problem is reduced to the
singular integral equation that is solved numerically.

II. PROBLEM FORMULATION

Let us consider an elastic uniform medium characterized
by the shear modulus µ and the mass density ρ, in which
there is a piezoelectric inclusion in conditions of the ideal
mechanical contact. The longitudinal shear of the elastic
system is assumed. The inhomogenity occupies the region
S = {|x1| < a, |x3| < h/2} , |x2| < ∞, where h is the
thickness, (x1, x2, x3) are the Cartesian coordinates and
the quantity ε = h/a is the small parameter. The material
of the heterogeneity with an elastic constant c44 falls into
the crystallographic class 6mm, and the axis of symmetry
of the sixth order is perpendicular to the plane x1x3.

A plane, incident longitudial shear wave of the form

ui(x) = exp [ik(l, x)] , x = (x1, x3), k = ω/c, c2 = µ/ρ
(1)

impinges on the inclusion (the time factor of the form
e−iωt is omitted throughout the analysis). Here l =
(sin θ0,− cos θ0) is the direction of sounding, k is the wave
number and typical wavelength kh satisfies the condition
kh� 1.

The total wave u = ui + us is decomposed into the
given incident wave ui and the unknown scattered wave
us which is required to satisfy the Sommerfeld radiation
condition at infinity, from which it follows that

us(x) =
eikx+iπ/4√

8πk|x|
f(ω; l,ν), |x| → ∞, (2)

where f(ω, l,ν) is the complex amplitude or far-field
pattern of the scattering wave, ν = x/|x| = (sin θ, cos θ)

is the direction of observation, ω is the circular frequency.
Herein u(x) is the displacement in the x2-direction and
for the only non vanishing stress components the notation
σβ2 = µ ∂u

∂xβ
with β = 1, 3 is introduced. Let u0(x), x ∈ S

and k0 = ω/c0 denote the displacement field and wave
number in the inclusion, respectively, and φ(x) is the
electric potential for the heterogeneity.

The scattering problem of time harmonic waves is de-
scribed by the wave equations

(∆ + k2)u(x) = 0, x ∈ R2/S, (3)

(∆ + k20)u0(x) = 0, x ∈ S,

∆u0(x)−∆φp(x) = 0, φp(x) =
ε11
e15

φ(x), x ∈ S,

and following conditions along the boundary ∂S of the
inclusion:

u(x) = u0(x),
∂u(x)

∂n
= γe

∂

∂n
[u0(x) + η2φp(x)], (4)

φ(x) = 0, x ∈ ∂S,

where n denotes the outer normal direction, e15 and
ε11 are the piezoelectric constant and the permittivity of
the material of the heterogeneity, respectively, η is the
electromechanical coupling coefficient and ρ0 is the mass
density for the inclusion,

c20 =
c44
ρ0

(1 + η2), γe =
c44
µ
, η =

e15√
c44ε11

.

Our objective is to find the numerical representations of
the solution to the problem (1)-(4) for arbitrary electrical
and elastic parameters of inclusion and matrix for small
but non vanishing ε.

REFERENCES

[1] Zhang B., Bostrm A., Niklasson A. J., Antiplane shear waves from a
piezoelectric strip actuator: exact versus effective boundary condition
solutions, Smart Mater. Struct., Vol. 13, 2004, Pages: 161-168.

[2] Kunets’ Ya. I., Rabosh R. V. Longitudinal Shear of an Elastic Medium
With a Thin Rectilinear Sharp-Pointed Piezoelectric Inclusion of
Low Rigidity, Journal of Mathematical Sciences, Vol. 180, 2012,
Pages:153-160.

[3] Glushkov E. V., Glushkova N. V., Seemann W., Kvasha O. V.,
Elastic Wave Excitation in a Layer by Piezoceramic Patch Actuators,
Acoustical Physics, Vol. 52, 2006, Pages: 398-407.

[4] Rabosh R. V., Dynamic Interaction of an Elastic Medium With a
Thin-Walled Curvilinear Piezoelectric Inclusion Under Longitudinal
Vibrations of a Composite, Journal of Mathematical Sciences, Vol.
168, 2010, Pages: 625-632.


