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Abstract

The equation of radiative transfer describes the transfer of energy in the
form of electromagnetic radiation through absorbing, emitting and scatter-
ing medium. First of all, a derivation of the equation along with a description
of the related physical processes is provided. The equation of radiative trans-
fer is a space-time-direction-dependent integro-differential equation. In this
thesis, both space and direction are discretised by the finite volume method.
More specifically, a finite volume scheme for the two-dimensional case is de-
rived using unstructured grid systems.

The main focus of the present thesis is the more atypical directional dis-
cretisation. The directional variable is discretised into a finite number of
control angles, where the solution is approximated by constants. When eval-
uating the numerical flux on the boundary of a control volume, the problem
that arises is that the flux might be incoming in one part of a control angle
and outgoing in the other. Usually, the flux is approximated such that it is
assumed to be either incoming or outgoing in the whole control angle. This
is called the bold approximation. Here, a thorough manipulation of control
angle overlap was chosen instead of the more common and less accurate bold
approximation.

The derived scheme is tested on a few exemplary initial-boundary value
problems. A numerical test of convergence is also preformed here.

Keywords

Radiative heat transfer, equation of radiative transfer, finite volume method,
directional discretisation, exact treatment of control angle overlap.



Abstrakt

Transportni rovnice elektromagnetického zareni popisuje prenos elektromag-
netické energie médiem, které zareni absorbuje, rozptyluje a samo i vyzaiuje.
Nejdrive jsou v této praci popsany tfi zminéné vlastnosti médii a néasledné
odvozena transportni rovnice elektromagnetického zareni. Tato rovnice je
integro-diferencialni rovnici s nezndmou, ktera zavisi na prostorové, ¢asové i
smeérové proménné. V této praci jsou smeér i prostor diskretizovany metodou
konecnych objemu pro nestrukturované sité ve dvoudimenzionalnim ptipadeé.

Nejvétsi pozornost je kladena na neobvyklou diskretizaci smérové promén-
né. Tuto proménnou je treba rozdélit na koneény pocet thla, na kterych se
uvazuje konstantni feSeni. Na hrané prvku prostorové sité se pak stava, ze
numericky tok na c¢asti thlu vtéka do prvku a na jiné z néj vytéka. Toto se
nejcastéji zjednodusuje tak, ze se prepoklada, ze numericky tok bud’ vtéka
nebo vytéka na celych oblastech jednotlivych dhlu (tedy i na téch hrani¢nich).
V této praci je kazdy hraniéni dhel rozdélen na ¢ast vtékajici a vytékajici,
coz dava presnéjsi vysledky.

Odvozené schéma je provéreno na nékolika poc¢atecné-okrajovych tilohéch.
Je zde také proveden numericky test konvergence.

Klicova slova

Ptenos tepelné radiace, transportni rovnice elektromagnetického zareni, metoda
koneénych objemu, diskretizace smérové promeénné.
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Chapter 1

Introduction

All non-ideal objects constantly emit and absorb electromagnetic radiation,
thereby loosing or gaining some inner energy. The radiation emitted propa-
gates through space at the speed of light until it is absorbed. This process
is called radiative transfer and it differs from other forms of energy transfer
mainly by its high speed of propagation and the fact that it can also take
place inside a vacuum.

The absorptivity and emissivity of an object depends on its material,
where the latter also depends on the object’s temperature. In fact, the
amount of emitted electromagnetic radiation increases substantially with a
rising temperature. Radiative transfer, therefore, becomes an important pro-
cess for applications that deal with high temperatures; examples of which
include combustion in gas turbines, industrial glass cooling and photon ra-
diotherapy. Electromagnetic radiation travels in straight lines through a
vacuum, however, when propagating through a participating medium the
radiation is constantly being scattered into other directions. An equation
that describes the motion of electromagnetic radiation in participating me-
dia while taking emission, absorption and scattering into account, is called
the equation of radiative transfer. We shall derive this equation in Chapter 2,
wherein we also describe emission, absorption and scattering.

The equation of radiative transfer is an integral and first order differ-
ential equation, which differs from classical first order differential equations
by its directional dependence. When numerically solving the equation, the
directional variable must also be discretised. A number of approximation
schemes have been developed for this purpose. In Chapter 3, we briefly
describe two methods for the directional discretisation, namely the discrete
ordinate method and the method of spherical harmonics. The latter is based
on expressing the solution in Fourier series by means of spherical harmonic
functions. Truncating the series may cause oscillations, especially for dis-



continuous initial and boundary conditions. The discrete ordinate method
is a low order method, which replaces the uncountable number of directions
with a finite number of carefully selected ones. This approach suffers from a
number of defects, particularly from the so called ray effect.

In an attempt to reduce these defects the finite volume method has been
employed to approximate direction. The central objective of the present the-
sis is to derive and apply the finite volume scheme to the equation of radiative
transfer in both space and direction. We shall start off by introducing the
standard finite volume method for the spatial discretisation in Chapter 4
along with numerical tests of convergence.

We shall preform the complete finite volume discretisation in Chapter
5 for unstructured triangulations in two-dimensional space. In this case,
the direction is only one-dimensional. We will construct a partition with
a finite number of control angles. The finite volume method is based on
calculating an approximate solution that is piecewise constant with respect
to the directional partition. The problem here is that on the edge of a
control volume the flux may be incoming in one part of a control angle and
outgoing in the other. In Chapter 5 we deal with the problem by splitting
these control angles into the incoming and outgoing components. We will
conclude this thesis by testing the scheme on a few initial-boundary value
problems and preforming a numerical test of convergence. All the numerical
results presented in this thesis were generated in Matlab, see [18].

Note, that the directional dependence is not exclusive to the radiative
transfer equation. Another (and practically the only other) equation with
this feature is the neuron transport equation. Neuron transport literature is
thus also an excellent source of information for our purposes.



Chapter 2

Radiative transfter

Radiative transfer is a physical process where energy is transfered in the form
of electromagnetic radiation. When electromagnetic radiation propagates
through a participating medium, some of the radiation is absorbed, some
scattered to other direction and the medium itself emits radiation. Thus,
while mathematically describing radiative transfer, absorption, emission and
scattering must be accounted for. The target of the present chapter is to
derive the equation of radiative transfer. To this end, we will more or less
follow Modest [13].

Every body with a temperature higher than absolute zero emits electro-
magnetic radiation. The amount of emitted energy depends on the tempera-
ture and the material of the body. Emission is therefore a process where inner
energy of the body is transformed into electromagnetic radiation. Absorp-
tion on the other hand, is a phenomenon where electromagnetic radiation is
transformed into inner energy of the medium, which typically results in an
increase of temperature. This way electromagnetic radiation transfers heat
from one place to another. This mechanism is called radiative heat transfer
or thermal radiation. We may define thermal radiation as electromagnetic
radiation of wavelengths roughly between 0.1 ym and 100 gm (mostly consist
of infrared radiation), as the heat is transfered mostly in this range. To give
an everyday example, the sun warms up all its surrounding planets including
Earth by radiative heat transfer alone and the warmth that we feel coming
out of a fire is caused by this process too. Using infrared vision we can see
the heat which is emitted from animals and people in the form of infrared
radiation.

There are two other mechanisms of heat transfer. One of them is what we
call conductive heat transfer, where faster particles of a particular substance
pass some of their kinetic energy to the slower ones through collisions. Dur-
ing this process the particles do not propagate through the substance, the



particles only oscillate around their centres of equilibrium. Convective heat
transfer on the other hand is caused by the movement of fluids with various
temperatures. Convection involves the combined processes of diffusion (scat-
tering of molecules in different directions) and advection (transfer due to the
fluid’s bulk motion).

As electromagnetic radiation propagates also through vacuum, radiative
heat transfer does not require the presence of a participating medium as ap-
posed to conductive and convective heat transfer. Other differences between
conductive and convective heat transfer on the one hand and radiation heat
transfer on the other are their ranges of impact, speeds of propagation and
temperature dependences. A photon travels at high velocity known as the
speed of light and its path can be as short as 1071% m before being absorbed
or it can travel as long as 10'° m (e.g. the sun rays hitting Earth). Radiation
heat transfer is therefore a long-range phenomenon in general. Conduction
and convection are on the other hand short-range phenomena with the speed
of propagation insignificant to the speed of light. Conductive and convective
heat transfer rates are usually assumed to be linearly proportional to the
temperature whereas radiative heat transfer rates are generally proportional
to difference in temperature to the fourth power. Hence, radiative heat trans-
fer becomes more significant with rising temperature and may even become
dominant over conductive and convective heat transfer. For these reasons,
the study of radiative heat transfer is of great importance in vacuum or when
high temperatures are involved, which occurs for instance in astrophysics and
space applications. Concrete applications include photon radiotherapy [6],
combustion in gas turbines [17] and so forth.

2.1 Properties of electromagnetic radiation

Electromagnetic radiation is a form of energy which can be viewed as propa-
gating through space via either electromagnetic waves, or stream of photons.
The latter is the view of quantum mechanics, whereas electromagnetic waves
are predicted by electromagnetic wave theory. Neither of the two views can
describe the observed behaviour completely and neither has been found more
valid then the other. Therefore, they are being used interchangeably in the
scientific community. The speed of light ¢ [m/s] (the velocity of electromag-
netic waves) depends on the medium in which it travels. It can be related to
the speed of light in vacuum c¢q by the equality

c=% ¢ =2998-10° [g :

Ne
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where n. > 1 is the refractive index of the medium. Electromagnetic waves
can be determined by any of the following quantities

frequency v [s71],
wavelength A [m],

wavenumber 7 [m™].

The quantities are related by the formulas
c
v=—=ocon.
h\ Ui

A photon caries energy € [J] that is directly proportional to the frequency
of its associated electromagnetic wave, with Planck’s constant hp as the
proportionality constant, that means

€ = hpv, hp = 6.626 - 107**[J s].

The energy of an electron stays unchanged when entering a new medium.
Thus, the frequency of the electron’s associated electromagnetic wave also
remains constant, while wavelength and wavenumber change depending on
refractive indexes of the two neighbouring media.

2.2 Radiance and irradiance

Radiance is radiative energy transferred per unit time, unit solid angle and
unit area perpendicular to the beam of electromagnetic radiation. Spectral
radiance I is radiance per unit spectral variable. From now on, we will be
using spectral radiance to describe the radiative transfer, as it is the most
appropriate variable for this purpose. Spectral radiance is a function of
location, direction, spectral variable and time. In the most general case,
spectral radiance is 7-dimensional, with three spatial, two directional, one
spectral and one temporal dimensions. Let us note that radiance is often
confusingly called intensity. We will avoid using this terminology as the
most common meaning for intensity in physics is energy transfered per unit
time and area.

Furthermore, we introduce irradiance, which is radiative energy trans-
ferred per unit time and unit area perpendicular to the beam. Spectral ir-
radiance FE is analogically defined as irradiance per unit spectral variable.
Spectral irradiance is a function of location, spectral variable and time. Spec-
tral irradiance will be especially helpful when depicting the numerical results.
In some literature, irradiance is also called intensity.
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We will be using only the spectral versions of the quantities above. Let
us sum up their definitions

energy

spectral radiance I = ,
P time * solid angle * spectral variable * proj. area

energy

spectral irradiance £ = .
P time * spectral variable * projected area

Radiance and irradiance are related through

E:/[dQ.

4
and their dependence is as follows
I =1(rs,t),
E = E(r,t),

where r is the location vector, s is the unit directional vector, and ¢ is time.
Both radiance and irradiance also depend on the spectral variable A (or v or
n). As we will see later, the equation of radiative transfer is not coupled with
respect to the spectral variable, hence we will always hide its dependence
from the view for simplicity. Moreover, whenever we talk about radiance
and irradiance in this thesis, we actually refer to the spectral radiance and
spectral irradiance.

2.3 Black body

When a beam of electromagnetic radiation hits a surface of a medium, some
of the radiation may be reflected and the rest penetrates into the medium. We
refer to an idealised physical body that absorbs all incident electromagnetic
radiation, regardless of frequency or angle of incidence, as a black body. The
amount of emitted electromagnetic radiation of a black body follows Planck’s
law which stays that

hpC -1
By(T, \) = 2hpc?\™° —1 2.1
AT, N) hpc A {exp ()\kBT> } , (2.1)
or
—2.3 hpv o
B,(T,v) =2hpc v’ |exp | —= | — 1| (2.2)
kgT



or

h —1
B (1) = 2 oxp () 1] 23)

where Planck’s function By (or B, or B,) is the spectral radiance of electro-
magnetic radiation that is emitted by the black body in all directions, T" is
temperature of the body and kg is the Boltzmann constant with the value
of

. [T
kg =1.3807-10"% {K} .

Let us remind that hp is the Planck’s constant, ¢ is the speed of light and A,
v and 7 are spectral variables. It follows that the emitted energy by a black
body at a specific frequency depend on the body’s temperature alone and
remains constant in all directions. It can be shown (see [13], Section 1.3) that
a black body is an ideal emitter, which means that it emits as much or more
energy at every frequency than any other body at the same temperature.

2.4 Absorption, emission and scattering

Consider a beam of electromagnetic radiation traveling in a vacuum in the
direction s. Its spectral radiance in the direction s remains constant along its
path (see [13], Section 9.2). On the other hand, when the beam propagates
through a participating medium, absorption, emission and scattering play its
role. In this section, we shall derive the equation of radiative transfer which
mathematically describes propagation of electromagnetic radiation through
absorbing, emitting and scattering medium. We choose A as the spectral
variable.

If a medium has a constant refractive index, then electromagnetic waves
propagate through the medium along straight lines. On the other hand,
changing refractive index would cause bending of the beam. In the following,
we always consider only media with constant refractive index. Furthermore,
we assume that the media are non-polarising and at local thermodynamic
equilibrium.

2.4.1 Absorption and emission

A beam that travels through a participating medium is constantly attenuated
by absorption and scattering. We will discuss scattering in the next section.
Absorption is a process where electromagnetic energy is taken up by matter
and transformed into internal energy. It has been discovered that the amount



of absorbed energy, with spectral radiance I, is directly proportional to the
spectral radiance I of the beam and to the distance ¢ which the beam travels
through medium. This can be written as

dl, = o, dL. (2.4)

The proportionality constant o, is known as the absorption coefficient and is a
function of the spectral variable with units of inverse length. The absorption
coefficient depends on the material of the medium.

Every body with a temperature higher than absolute zero emits electro-
magnetic radiation. In the previous section, we explained that the radiance
of electromagnetic radiation emitted by black body is given by Planck’s func-
tion. Real materials emit electromagnetic radiation at a fraction, called the
emission coefficient, of black-body emissivity (measured by means of its ra-
diance). Using the fact that in thermodynamic equilibrium, the overall radi-
ance must be equal to the radiance of a black body, it can be shown that the
emission coefficient is the same as the absorption coeflicient (see [13], Section
10.2, equation (10.16)). Thus, we can write

dl, = o,B d, (2.5)

where I, is spectral radiance of the emitted electromagnetic radiation in the
same direction as I and B = B,(T, \) is Planck’s function as defined in (2.1).
If we chose v or i as the spectral variable, we would take (2.2) or (2.3) as
Planck’s function instead. Combining (2.4) and (2.5) leads us to an equation
describing spectral radiance of electromagnetic radiation in absorbing and
emitting medium, namely

dl
% = O'a(B—]).

2.4.2 In-scattering and out-scattering

Attenuation due to scattering or out-scattering is a process where a part
of electromagnetic radiation is redirected from the considered direction into
other directions, where it appears as augmentation. Again, the magnitude
of scattered electromagnetic radiation, with spectral radiance I, is directly
proportional to I and ¢. This gives the expression

Al = 0,1 dl, (2.6)

with the scattering coefficient o4 as the proportionality constant. Just as the
absorption coefficient, the scattering coefficient is a function of the spectral
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variable with units of inverse length and it is associated with the material of
the medium.

The equation (2.6) determines the amount of electromagnetic radiation
that is scattered away from the considered direction, say s. We shall develop a
relation which describes the electromagnetic radiation that is scattered from
other directions into s. This process is called augmentation by scattering or
in-scattering.

Electromagnetic radiation does not necessarily need to be scattered uni-
formly to all directions (that is a special case called isotropic scattering).
For this reason we introduce the scattering face function W which prescribes
rate W(sy,s9)/4m (to any two directions s; and s,) by which electromagnetic
radiation is scattered from s; into s;. Moreover, ¥ must obeys the integral
identity

1
— \I’(Sl,Sz) dQQ =1. (27)
A

47

The constant 1/47 is introduced in order for the integral identity to be true
if ¥ = 1 (which is the mentioned isotropic scattering). We will explain the
reason for the condition (2.7) later.

Multiplying the right-hand side of (2.6) by the rate W(s',s)/4m gives us
the spectral radiance Iy _,s of electromagnetic radiation scattered from the
direction s’ into s, namely

dly s = Z—Sxp(s', s)I(r,s',t) dl. (2.8)
T

To add up contributions from all directions, we simply integrate the equality
over the unit sphere with respect to s’, thereby obtaining

Os

47
47

dly, = U(s',s)I(r,s',t) dY d. (2.9)

Here [, is in-scattering, in other words the spectral radiance of electromag-
netic radiation scattered from all direction into the direction s. Notice that
the relation for in-scattering is considerably more complicated than the re-
lations for absorption, emission or out-scattering. In fact, the term (2.9) is
the only one that couples all directions together, therefore prevents us from
considering each direction separately.

Let us explain the reason for the condition (2.7). Integrating (2.8) over
the unit sphere with respect to s gives us spectral radiance of all the elec-
tromagnetic radiation that is scattered away from s’. That is nothing else

11



than out-scattering which is already described by (2.6). This lead us to the
requirement
O-S
47
4m

We obtain the condition (2.7) by dividing the equation by osI(r,s’,t) d¢.

U(s',s) dQ I(r,s',t) dl = o I(r,s',t) dl.

2.5 Equation of radiative transfer

We shall derive the radiative transfer equation in a slightly different manner
than Modest [13]. We make an energy balance on a beam traveling from r;
to ry in the direction s which leaves ry at time ¢;. Let the beam reaches ro
at time to and let {12 = ||r; — ro|| denote the distance between r; and rs.
We obtain the change in radiance /o by summing augmentation by emission
(2.5) and in-scattering (2.9) and subtracting the attenuation by absorption
(2.4) and out-scattering (2.6), i.e.

]A = Ie - Ia - ]out + ]in-

Integrating In over the distance between r; and r, we receive the change
in radiance between the points r; and ry (hence also between the times ¢;
and ty), namely

l12 l12

I(I‘Q, S7t2) — I(I‘l, S,tl) = /dIA = /(dle — d[a - d[out + d[in)
0 0
l12
:/ [aaB — (a4 04)I(r,s,t) + Z—S/\Il(s’,s)[(r,s’,t) Q' |de.  (2.10)
m
4m

Electromagnetic radiation travels in straight lines at the speed of light ¢,
therefore the functions

describe respectively the position and time of the beam at the distance /¢
from r;. Clearly we have

r(0) =ry, r(l12) = 13,
t(0) = t1, t(l2) = to.

12



Assuming that radiance I has the spatial derivative in the direction s and
the time derivative along the line between r; and ry, we rewrite the very
left-hand side of (2.10) as follows

I(ra,s,ta) — I(r1,8,t1) = I(r(l12),s,t((12)) — I(r(0),s,¢(0))

l12

£12
dl 101
— /@(r,s,t) dl = / [sV[(r,s,t) + EE(r’S’Q} de,
0

0

where we hide the dependence of r = r(¢) and ¢t = ¢(¢) on ¢ for transparency.
We employed the chain rule in the last equality. Plugging the received ex-
pression into (2.10) we derive the integral energy balance

l12

l12
101 Os , , ,
/ [SV[ + EE} dl = / {aaB — (00 +05)1 + E/‘IJ(S ,s)I(r,s',t) dQ]dﬁ.
0 0 4m

Whenever we do not show the dependence of I, we assume I = I(r,s,t). Ap-
plying the mean value theorem to the integrals on either side of the equation,
while assuming continuity of the integrands, leads us to the differential form
of the energy balance, namely

101
YOI NI =0.B— (oat o+ / (s, 8)I(r,,t) dY.  (2.11)
c ot 47

4

This equation, called the equation of radiative transfer, is the central equation
of the whole thesis. The unknown function is spectral radiance I = I(r,s,t)
which also depends on the spectral variable A, however the equation is not
coupled with respect to this variable. Therefore, we can solve the equations
for each value of A separately and so we do not explicitly show the spectral
variable. The material coefficients o, and oy also depend on the spectral vari-
able and may vary with location, since rays may penetrate through different
media consisting of different materials. Planck’s function B = B, (T, \), de-
fined by (2.1), depends on temperature T' = T'(r,¢) and the spectral variable.
Let us sum up the dependences:

0o = 0a(1, N),
o5 = og(r, ),
B = By(T, \),
T =1T(r,t).

13



Note that in this section we use A\, however we may substitute it for an
alternative spectral variable v or n or even for energy ¢ = hpv, if it is more
convenient. We then also must substitute Planck’s function for B, or B,,
which are defined by (2.2) or (2.3), respectively.

In the present thesis, we do not deal with realistic boundary conditions
for the equation of radiative transfer. Instead, we consider only non-reflective
wall, also called the black surface. In this case, we have the Dirichlet bound-
ary condition (for incoming radiance) given by external radiation and emis-
sion of the wall. Boundary conditions for a number of reflective surfaces were
described by Modest (see [13], Section 9.7).

Temperature field

A question that arises is where we get the temperature field T = T'(r, ),
which we need to plug into Planck’s function. We assumed that the change
in temperature due to all processes other than radiative heat transfer (con-
vective and conductive heat transfer) is given. In general, electromagnetic
radiation also influences temperature. During absorption, electromagnetic
radiation transforms into inner energy of the material, which results in the
increase of temperature. Emission on the other hand is the opposite process.
This phenomenon is described by the so called material energy equation,
which forms a coupled system with the equation (2.11), the radiative trans-
fer equation.

If the heating and cooling of the material due to absorption and emis-
sion of electromagnetic radiation is small, we can neglect it and consider
only the given change in temperature. In this thesis, we always assume the
temperature given, hence we do not solve the material energy equation.

Cold medium

Typically, if the temperature of a body is low, then the amount of emitted
electromagnetic radiation by the body is also relatively low. Hence, when
electromagnetic radiation propagates through a cold medium, the amount of
emitted electromagnetic radiation may be negligible compare to the amount
of incoming electromagnetic radiation. This means that B ~ 0 and the first
term on the right-hand side of the equation (2.11) disappears. In this case,
the dependence of the radiative transfer equation on temperature vanishes
completely.

14



Assumptions

We made a number of simplifications during the development of the equation
of radiative transfer. We assume that the refractive index is constant and
that the medium is at local thermal equilibrium. Moreover, we consider only
homogeneous and non-polarising media that are at rest in comparison with
the speed of light. Radiation transfer equation for a medium with varying
refractive index was given by Pomraning [16].

15



Chapter 3

Directional approximation

In this chapter, we introduce a few methods that approximate direction in
directional dependent equations and demonstrate them on the equation of
radiative transfer, which we derived in the previous chapter in the form
(2.11), namely

101 o Os / / /
EEHW_U&B—(aa+as)l+g/\Il(s,s)f(r,s,t) sy, (3.1)
4

To be specific, we will introduce the discrete ordinate method, the method of
spherical harmonics and the diffusion method. We shall devote it a separate
chapter to the finite volume method, as it is the centre of focus of the present
thesis.

The target of the methods mentioned above is essentially to approximate
a directional dependent equation with a system of equations independent of
direction. We can then solve the received equations by standard methods
for partial differential equations. A brief introduction to the methods as well
as their comparison in the form of numerical experiments was preformed
by Brunner [1]. More thorough description of these methods was given by
Modest [13].

Notation

For a natural number & a k-th moment is defined as [, (s®s®...®s) dQ
and the k-th moment of an arbitrary function f is f47r(s RS®...Qs)f dQ,
where we have £ — 1 outer products ® in both expressions. Note that an
outer product operates on two vectors to yield a tensor. We analogically
define the zeroth moment as || 4 A2, The zeroth, first and second moments
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satisfy

/ dQ) = 4r, (3.2)

4
/ s d9 =0, (3.3)
4
4
/ s®@s dQ = ?”11, (3.4)

47

with the identity tensor I. The first equality is obvious, for the other two see
[Modest [13], Section 15.14, equations (15.27) and (15.29)]. It follows that
irradiance E is the zeroth moment of radiance I. Let us define the radiative
flux F as the first moment and radiation pressure tensor P as the second
moment of I. To sum up we have

E_/IdQ,

F— /s [do, (3.5)
P= /(s ®s)l dQ. (3.6)

3.1 Discrete ordinate method

In this section, we will derive the discrete ordinate method, which comes
from a simple idea, which is to consider only a finite number of directions
and ignore the rest. This method is famous for its simplicity, however it
suffers from several unphysical numerical side effects, which are to be cov-
ered in Section 3.3. The method of discrete ordinates was first proposed by
Chandrasekhar [2].

As we already mentioned, the discrete ordinate method assumes that par-
ticles can only travel along several particular direction. This approximation
reduces the direction dependent equation of radiative transfer into a sys-
tem of differential equation each of which is independent of direction. The
discrete ordinate method can be viewed as the finite difference method em-
ployed to the directional variable with additional requirements. For instance,
if we desire for the approximation to conserve energy, we cannot choose the
directions arbitrarily, the directions along with their associated quadrature
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weights must satisfy some additional conditions. Furthermore, the directions
and weights are typically chosen to be invariant to any ninety degree rota-
tion. The discrete ordinate method is also described by Modest [13] for the
radiative transfer equation or by Lee [10] for problems in neutron transport
theory.

Let us assume that s;,ss,...,s); are arbitrary unit directional vectors
and wy, wo, ..., wy are their associated quadrature weights. We will discuss
the particular choice of directions and quadrature weights in Section 3.1.1.
Since the radiative transfer equation is integro-differential equation, we need
to approximate the integral describing in-scattering. In general, if f is an
arbitrary function of direction, we approximate its integral by the numerical
quadrature

S wf(sm) ~ / £(s) do. (3.7)

We denote the approximation of the spectral radiance I in the direction s,,
by I,,, where m € {1,..., M}, i.e.

(v t) = I(r,s,,t). (3.8)

Considering only the directions si,ss9,...,s) and applying the quadrature
rule (3.7) to the integral in (3.1) we obtain the discrete ordinate scheme for
the equation of heat transfer, namely the system

M
%%” 48,V = 0By — (0 + 05) L + Z—; ; (s, sm)ln,  (3.9)
for all m € {1,2,..., M}. Each of the M linear differential equations of the
above system is independent of the directional variable. Hence, the system
can be solved by standard method for partial differential equations. Note
that the system (3.9) is coupled through the sum on the right-hand side
which arises from the in-scattering term.
For many problem, only irradiance F is important and radiance [ is used
only to calculate it. When (3.9) is solved, irradiance can be approximated
by 11,12,...,]]\4 as

M
E:/I dQ ~ Zwmlm.
47 m=1
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3.1.1 Choice of directions and quadrature weights

As we have already noted, it is desirable for us to choose symmetrical di-
rections and quadrature weights, so that they are invariant to any ninety
degree rotation. We shall demand the zeroth, first and second moments to
be satisfied, that is

M
/dQ: 4 = Zwm,
m=1

4
M
/s dl= 0 = Zwmsi,
Ar m=1
4 M
/s ®s d) = ?I[ = n;wmsislr.

47

Various sets of directions and weight satisfying the above conditions are tab-
ulated for example by Lee [10].

The discrete ordinate method is also called the Sy-approximation, where
N denotes the order of the quadrature rule. In one dimension, the order of
the quadrature is the same as the number of direction and weights used for
the quadrature. In two and three direction, the number of directions is larger
than the order of the quadrature as shown in Table 3.1.

Dimensions ‘ Directions
One N
Two SN2+ N

Three N? +2N

Table 3.1: Number of directions M used by quadratures of order N.

3.2 Method of spherical harmonics and other
moment based methods

The method of spherical harmonics, or the Py-approximation, transforms
the equation of radiative transfer into a system of infinite number of partial
differential equations independent of direction. Taking only a finite num-
ber of equations and approximating the variables coupled with the removed
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equations, we obtain an approximate solution of (3.1), the radiative trans-
fer equation. Since we choose an arbitrarily large number of equations, we
have an arbitrarily high order accuracy. The method of spherical harmonics
was developed by Jeans [7]. Kourganoff [9] applied the method to radia-
tive transfer. The method of spherical harmonics was applied to neutron
transport problems by Davison [4] and Murray [14].

First we shall derive the popular P;-approximation, as the derivation is
substantially easier than for the general method. Then we shall describe the
diffusion method, which approximates the Pj-approximation scheme with a
diffusion equation. At the end of the section, we will discuss the general idea
of the Py-approximation.

3.2.1 P;-approximation

The Py-approzimation of the equation (3.1), the radiative transfer equation,
can be derived by taking the zeroth and first moment of (3.1) and decoupling
them from higher moments of (3.1). The decoupling is achieved by assuming
that the radiance vary linearly in direction.

It is very often the case that the desired quantity is irradiance E. Instead
of indirectly calculating F by first solving (3.1) for I, we can manipulate the
radiative transport equation to obtain an equation with E as the unknown
function. Integrating (3.1) over the solid angle of 47 yields

1%—?+v F = 470,B — (aa+asE+—// s',s) dQ I(r,s',t) dY'.
c

4 4w

The condition (2.7) stays that [, W(s',s) dQ = 4, thus the equation above
simplifies to

10F
EE‘FV F—O‘a(47TB E) (310)

where in-scattering and out-scattering cancel each other out. Let us realise
that this equation is the zeroth moment of the equation (3.1). The equation
(3.10) has a new unknown, radiative flux F defined by (3.5). We obtain an
equation for F by taking the first moment of the equation (3.1) (multiplying
the equation by s and integrating it over all directions), i.e.

1%—f+v P=-— (aa+asF+—/ / s',8)I(r,s',t) dQ dS.
c
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When we assume the scattering to be isotropic, that is W = 1, this equation
simplifies further into the form

%%—E—I—V-}P’:—(oa—l—as)F. (3.11)
Here, we have employed the fact that the first moment | 4, S d€) is equal to
zero, see (3.3). This equation again contains a new unknown, the radiation
pressure tensor P as defined by (3.6). We could continue this procedure and
take higher and higher moments of (3.1), but each equation will always be
coupled to the next higher moment of (3.1).

The idea of Pj-approximation is to approximate the tensor PP in order to
decouple the system from moments of (3.1) higher than one. To this end, we
assume that the radiance varies linearly in direction, that is

I =a(r) +b(r) -s. (3.12)

Radiance and the radiative flux consequently satisfy

E:/ [dQ:a(r)/ dQ+b(r)/ s d) = 4ma(r),
4m 4m 4m
4
F:/ s]dQ:a(r)/ sdQ—i—b(r)/ s®s sz%b(r)H,
4 4m 4m

where we use the momentum values (3.2), (3.3) and (3.4). Replacing the
functions a and b in (3.12) yields

1 3
I=—E+-s-F.

We plug this particular form of radiance into the radiation pressure tensor
and thereby derive

1 3 1
P-/(s@s)[ dQ—EE/S@)SdQ—%EF/s dQ—gEI[.
4 4 4
Plugging the approximation of the radiation pressure tensor into (3.11) and

leaving (3.10) unchanged we arrive to a system of two equations and two
unknowns independent of direction, namely

10F

-—— -F = 4B — F 1
Y +V oa(4m ), (3.13)
10F 1

-—— 4+ -VE =— F. .14
ey + BV (08 + 05) (3.14)
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This is called the Pj-approximation. An implication of the P;-approximation
is that there can be more energy moving, than the amount of energy that
there actually is, since the magnitude of the flux F is not bounded by irradi-
ance F/. This conflict with reality is a substantial source of problems for the
Pi-method.

3.2.2 Diffusion approximation

The diffusion method is based on the idea to approximate the system of
equations (3.13) and (3.14) by a diffusion equation. We shall assume that
the flux F varies slowly with time in comparison to spatial gradient, that is

10F
- E.
c Ot <V

Using this assumption in (3.14) we obtain Flick’s low

1
F=—-—_VF.
3(0a + 0y)

Plugging Flick’s low into (3.13) gives us the diffusion equation

L8 G . DVE = o,(4rB — ), (3.15)
c Ot
with the diffusion coefficient D = 1/3(0, + 0y).

The diffusion approximation makes substantial changes in the nature of
the equation. The equation of radiative transfer or (3.1) is a hyperbolic
partial differential equation, therefore describes particles traveling at a finite
speed. The diffusion equation (3.15) is parabolic, which means that any
change in the solution at a given place and time effect solution at all other
places after an arbitrarily small instant. This is due to ignoring the time
derivative in (3.14).

3.2.3 Py-approximation

The derivation of the Py-approximation is similar to the procedure we did in
Section 3.2.1 to get the Pj-approximation of (3.1), the equation of radiative
transfer. The difference is that instead of taking only the zeroth and first
moments of (3.1) we can take as many moments as we need for an accurate
solution. Moreover, instead of taking moments of (3.1) with respect to s,
we take the moments with respect to functions of s, namely the spherical
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harmonic functions. That is why this method is also called the method of
spherical harmonics. We define the spherical harmonic functions as

(i~ m])!

2 z‘msz\m\ 0
<Z+|m|>!} e B (cos ),

V) = (-0 |
where 6 and 1 are respectively the polar and azimuthal angles of the vector s
and P/" are associated Legendre polynomials. The spherical harmonics have
the advantage of being orthogonal to one another, which is due to the use of
Legendre polynomials.

We will explain only the general idea of how the method of spherical
harmonics is derived for (3.1), the equation of heat transfer, as a detailed
derivation is highly complicated. A thorough derivation of Py-method in
the tree-dimensional Cartesian coordinate system has been preformed by
Cheng [3]. The extension to general coordinate systems has been given by
Ou and Liou [15].

First of all, we need to expand the scattering phase function into series of
Legendre polynomials. Now, multiplying (3.1) by each Y;™ and integrating
over all directions, we get infinitely many coupled equations, unknowns of
which are moments of I with respect to ¥,”. We denote the moment of
with respect to Y, as

I"(r,t) = /Ylm(s)l(r,s,t) Q2. (3.16)

Since Yy = 1 we have that I = E. Each moment I;™ is coupled to six other
moments, namely all I}, with I’ =141 and m’ = m + {—1,0,1}. We can
now express the radiance I in terms of generalised two-dimensional Fourier
series

I(r,s,t) =) Y I"(r, 0)Y;"(s). (3.17)

=0 m=—1

To get a finite number of equations with a finite number of unknowns 1",
we choose an approximation order N and assume that I;" =0 for [ > N. In
other words, we truncate the Fourier series (3.17). The resulting system can
be written as follows (see [12]):

10E OE OE OE

—— +A,—+A,—+A, —

c@t+ $8x+ y8y+ 0z
where E is a vector of moments E;", S is the source vector containing the in-
scattering and emission terms and A,, A, and A, are matrices that prescribe
how the moments £ are coupled.

=S — (0. +0y)E, (3.18)
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3.3 Numerical defects

In this section we shall discuss unphysical numerical defects we might en-
counter when solving the equation of radiative transfer approximately. Typ-
ical drawbacks of approximation methods that are based on discretisation of
variables are false scattering and the ray effect, which are respectively cause
by spatial and directional discretisation. We can therefore expect discrete
ordinate method to suffer exactly from these defects. The wave effect on the
other hand is due to truncating the Fourier series in the method of spherical
harmonics.

3.3.1 False scattering

False scattering (for different types of equations also called numerical diffu-
sion) is a defect which arises from spatial discretisation. Although spatial
discretisation is not of our concern in this chapter, we discuss it, because
the effect results in additional unphysical scattering, which is a directional
phenomenon.

In reality, when a single beam of electromagnetic radiation penetrates
through a non-scattering medium, it travels in a straight line until it gets
absorbed or reflected. When numerically computing this process, the beam
widens, which means that part of the radiation was slightly redirected from
the initial direction of the beam. This is due to the way we compute the
numerical flux on the elements of the spatial partition, instead of calculating
the real physical flux.

Therefore, we may observe scattering during numerical experiments in
a non-scattering medium. In case of scattering medium, we then observe
additional unphysical scattering. This is the reason why this effect is called
false scattering. In case of other types of equations, the same effect appears
as a different phenomenon, for instance diffusion.

When we employ the discrete ordinate method to solve the equation of
radiative transfer, we need to solve the system (3.9) by standard methods,
which typically discretise space. Hence, when applying discrete ordinates
method, we must take false scattering into account.

Note that false scattering is a typical phenomenon that occurs due to low
order discretisation in space. Higher order methods suffer from other defects,
for instance from the phase error. We do not cover this phenomenon, as we
will apply finite volume method, order of which is one. For more information
about the phase error see [11].
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3.3.2 Ray effect

The ray effect is caused by the directional discretisation, which allows the
particles to travel only in selected directions. This effect is typical for discrete
ordinate method.

The ray effect becomes apparent, for instance, when we are further from
a high emission source of particles. Suppose we have a spatial partition.
Event though in reality, the source emits radiation to all directions equally,
the ray effect may cause the rays to become so far apart that there are two
adjacent elements of the partition, one with no radiance at all and the other
with plenty of radiance coming from the source. This results in large spatial
oscillations in irradiance E. This effect can be reduced either by increasing
the number of directions or by taking a sparser spatial partition with larger
elements.

Hence, when refining the spatial partition, we need to increase the number
of considered directions accordingly, in order to prevent the ray effect to
become significant.

3.3.3 Wave effect

The wave effect is a defect of the method of spherical harmonics. In vacuum,
for the zero right-hand side, the system (3.18) becomes a wave equation,
which allows negative irradiance. This unphysical phenomenon may occur
even in regions where a participating medium is present.
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Chapter 4

Finite volume method for the
transport equation

In the previous chapter, we summarised a few numerical method that dis-
cretise only direction. The main target of this thesis is to derive and apply
the finite volume method for the equation of radiative transfer in both two-
dimensional spatial and one-dimensional directional variables.

In this chapter, we will introduce the finite volume method for the spa-
tial discretisation. The directional approximation will be dealt with in the
following chapter. As the equation of radiative transfer is first order lin-
ear partial differential equation in space, we will derive the method for a
two-dimensional transport equation, namely

u; + p.(u) + q,(u) =f£, (4.1)

which is of course also first order and linear, so we can conveniently apply
the acquired knowledge for the equation of radiative transfer in the follow-
ing chapter. Here, u is the unknown function, p and q are given physical
fluxes in the direction x and y, respectively, and f is a given source function.
The finite volume method was also described by Leveque [11] and in many
other standard textbooks.

4.1 Notation

We first introduce some notation regarding especially the spatial partition.
Let © be a domain in R? and €2, an approximation of 2 with a piecewise
linear boundary. Let T, = {Q;}ies, J = {0,1,...,m}, be a triangle partition
of Q. In other words, €);, i € J, are triangles with mutually disjoint interiors
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such that
ﬁh == U Qz
ieJ

The length of the longest edge in 7;, will be denoted as h. We say that €;
is a neighbour of ;, if the intersection ¢;; = €; N (2, is a line segment and
we denote the set of indexes of neighbours of Q; by N;, i.e. N; = {j € J:
Q; N Q; is a line segment}. Let {¢°,¢°,, ..., ¢°,} be the set of all the line
segments of 0€);, such that each line segment is a face of a triangle in 7;, and

let us denote J® = {—1,—2,...,—k}. Note that J N J® =0 and
o =&
jeJgb

Let ¢ € J. We use the following notation
b_ [ b . b
Ny ={jeJ’:{; C O}

For i € J and j € Nf’ we set {;; = E;’». Hence, ¢;; is either a common face
between €2; and €, (if j € J), or a face of Q; on 99, (if j € J®). The
length of /;; is denoted by |¢;;| and its unit outer normal by n;; = (nf;, nj;).
Furthermore, the area of €2; is |€;].

Let 0 =ty < t; <...<ty, =T be a partition of the interval [0, 7] where
M; e Nand T > 0. We call 7, = [ty, tpi1] a time step and || is its length.

4.2 Numerical flux

Before we start with the derivation of the finite volume method, we shall in-
troduce the numerical flux, which we will use later. We consider the physical
fluxes p in the direction x and q in the direction y from (4.1). If J, and Jq
are respectively the Jacobi matrices of p and q, then

P(u,n) = p(u)n® + q(u)n?, (4.2)
is the physical flux in the direction n and its Jacobi matrix is
Jp(u,n) = Jp(a)n” + Jq(u)n”.

The physical flux P(u, n) is the amount of the considered substance passing
trough a unit line segment perpendicular to n per unit time. In this section,
we shall define numerical flux, which is the same quantity as the physical
flux in the discrete scheme.
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Before we diagonalise the matrix Jp, let us define what a diagonalisable
matrix means. A square matrix M is called diagonalisable if it is similar to a
diagonal matrix, say D, i.e. if there exists a matrix V such that V"MV = D.
The characterisation of diagonalisable matrices is the following: An n x n
matrix M is diagonalisable if and only if it has n linearly independent eigen-
vectors. Suppose that this is the case and let v, vs, ..., v, be eigenvectors
corresponding respectively to the eigenvalues A\i, A, ..., A, of M. Then for
the matrix V = (v, vy, ..., V,) there exists its inverse V-1 and V"!MV = D
where D = diag(A1, A, ..., \,). Note that we can comfortably use Matlab
built-in routine eig in order to diagonalise matrices.

Let us suppose that Jp(u,n) is diagonalisable matrix with real eigenval-
ues. Then there is a matrix V such that

Jp = VDV, D =diag(Ai,Xos. .., \n).

We separate Jp and D into the positive and the negative parts as follows

J% = VID*V, (4.3)
D* = diag(\f, A5, ..., AE),
with
A = max(0, \;),
A, =min(0, \;).
Clearly
Ip =Tp +15.

The absolute value of Jp will be understood as

lJp| = VDIV, |D| = diag(|M\i], [Aa]s - -+, | Aal)-

4.2.1 Examples of numerical fluxes
We will list a few fluxes that are widely used (see also [5], Section 4.4.4).

(a) Steger-Warming numerical flux:
H(u,v,m) = Th(u, n)u + Tp(v, n)v. (4.4

(b) Vijayasundaram numerical flux:

H(u,v,n) = J} (qu,n) u+J5 (uzj,n) V.
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(¢) Lax-Friedrichs numerical flux:

Cc

H(u,v,n) = % [P(u, n)+ P(v,n) — ~(v u)] |

where ¢ > 0 is suitably chosen and independent of u and v.

_|_
I» (u : V7n)

4.2.2 Properties of the numerical flux

(d) Van Leer numerical flux:

H(u,v,n) = % [P(u, n) + P(v,n) —

(v u>} |
(4.5)

The numerical flux is essential for the correct functioning of the whole algo-
rithm. Often the schemes vary mainly by the choice of the numerical flux.
Let D be the domain of definition of p and q and &; the unit sphere. We
must be careful for our chosen numerical flux to satisfy the following three
conditions (see also [5], Section 4.4.3):

(1) Continuity:

H is defined and continuous on D x D x ;.

(2) Consistency:
H(u,u,n) = P(u,n).

(3) Conservativity:
H(u,v,n) = —H(u,v,—n).

Note that these conditions are not implicitly true or false for a given nu-
merical flux. Their satisfaction also depends on the given equation, more
precisely on the properties of the physical fluxes p and q.

4.3 Derivation of a finite volume scheme

We consider the following problem for the equation (4.1):
Find u: Q x [0,7] — R¢, d € N, such that

u; + p.(u) + q,(u) = f(z,y,t) in Q x (0,77, (4.6)
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which is subject to the initial condition
u = uy(z,y) in Q x {0}, (4.7)
and the boundary condition
u = b(z,y,t), (4.8)

that needs to be satisfied for each equation of the system on its inlet part
of the boundary. Here the boundary function b, initial function ug, source
function f and physical fluxes p and q are given functions with d components.

4.3.1 Temporal discretisation

At first, we will discretise the time variable by the explicit Euler method.
Integrating the equations (4.6) over 7, = [tx, tg+1] yields

u(r, tesr) —u(r,tk)+/ [px(u)+qy(u)] dt = /f(r,t) dt

Tk Tk

where r = (z,y) is the location vector. Following the Euler method, we
approximate the integral on the left-hand side by the left endpoint rule and
join the equations (4.7) and (4.8) to obtain the semi-discrete scheme:

ol [ )] ¢ [ d men @)
Tk
which is subject to the initial and boundary conditions
u’(r) = u(r) r e (), (4.10)
u”(ry) = b(ry, 1) r, € 082;.

The boundary condition is again prescribed for each of the d equations only
on their inlet part of the boundary. The function u* is an approximation of
the exact solution u at time ¢z, that means

u”(r) ~ u(r, t;).

4.3.2 Spatial discretisation

Now, we will move on to the finite volume disretisation of the spatial variable.
To this end, we integrate the equations (4.9) and (4.10) over a triangle €2,
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1€ J,

/uk+1 dr = /uk dr — ‘Tk’/ [px(uk) _|_qy(uk’):| dr + ‘Ql‘Ff, (411)
Q; Q;

Qi 7
/uo dr = /uo dr, (4.12)
Q o

where

a7 [ e aa (4.13)

TkQ

We rearrange the third term in the equation (4.11) as follows

[ o)+ 0, ()] e - / o)+ afut) ]

Q 09
= / 73( Z / u” n” l,
o, JEN;UN? 4 0
with d¢ = |dr| = /(dz)? — (dy)? and the outer normal n(r) = (n*(r),n¥(r))

of 9€);. Recall that n;; is the outer normal of ¢;;. The first equality follows
from Green’s theorem. The integrand in the second term is nothing else
than the physical flux P in the direction n, see (4.2). Finally, instead of
integrating over the circumference of €);, we can integrate over each of the
three faces of the triangle separately, hence the third equality. Plugging the
acquired expression into the equation (4.11) and dividing it by the area |{2;]
we obtain

1 / 1 1
— [ u dr = u
€] €]
Q; Q;

Z / u*, n;;) d¢ + F},

] EN;UN?

(4.14)

for all i € J. We denote the approximation of the integral average of u* over

1€2;] as
1 k
~ ]Q| u” dr.
i &,

Now, we will focus on the approximation of [ P(uk,nij) dl. At each
time step k, we approximate u® by a piecewise constant function uf such
that uf = U¥ in the interior of Q;, i € J. If j € J (i.e. {;; is not a part
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of boundary 9€), then the function uf has the value U¥ on the left hand
side and U? on the right hand side of the line segment ¢;;. We plug the two
integral averages U¥ and Ug‘? that surround ¢;; into the numerical flux H (see
section 4.2)

H(UE, Uk ny;) ~ _|€1 | /P(uk,nij) ¢ fori,jeJ
(]
Lij

In the case where j € J® (i.e. £; = (% is a part of the boundary 9Qy), uj
has again the value U¥ on the left hand side of ¢;;. As a value on the right
hand side, we will use the integral average of the boundary function b over
¢;; and plug that into the numerical flux H

H(U’? L

1
k /b(r,tk)) ~ —/P(uk,nij) ¢ forielJ, jeJb
|65 J M"j‘é,,

|
¢

We will unify the notation of approximation of integral averages of u® as
follows:

(1 / k .

— [ u" dr for j € J,

€21

2y
SR (4.15)

T /b(r,tk) dr  forjecJb

|51
(4

Then we can write

1
H(UF, Ul ny;) ~ m/73(11’21%») dt  forieJ, jeJuJ’ (4.16)
%]
0

Plugging approximations (4.15) and (4.16) into equations (4.12) and (4.14)
we derive the fully-discrete scheme

1
Ut = W/b(r,tk) dr ieJh, (417)

3 gb

1
7 &,
|74 .
Ukt = Uk - o > |eyH(U Ukny) +FF ied (4.19)
! jeN;UN?
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Let us recall that N; € J, N’ C J* and J N J® = (. This completes our
main target of this chapter, as the three equations above prescribe the finite
volume method for the transfer equation (4.1). The only work left is to
approximate the integrals in (4.13), (4.17) and (4.18).

4.3.3 Approximation of integrals

Since the values of U¥ are given recursively by the equation (4.19) for i € J
and k > 1, we need to evaluate UY (the equation (4.18)) and U¥ for i € J,
(the equation (4.17)). While we can employ numerical quadratures of an
arbitrary order, we will describe only the one-point rules here.

In order to approximate the integral in (4.18), we take the value of uy at
the centroid of ;. If a = (z4,%.), b = (24, %), € = (2, y.) are vertexes of
Q;, then

at+b+c 1
I‘i:ng(%‘i‘xb‘i‘xc, Yo+ Yp + Ye) 5 (4.20)

is the centroid of €2; and
|2 - up(r;) z/ u(r) dr.
Q;

Therefore we set
U? =uy(r;), i€
We approximate the integral in (4.17) by the midpoint rule
U;?:b(rjatk)a jejb7

where r; is the center of the line segment 4’».

It remains to evaluate the source term (4.13). We approximate the inte-
gral with respect to r by the value at the centroid of €2; times its area and
the integral with respect to ¢t by the left endpoint rule. Hence we have

Ff = |Tk’f(ri,tk), 1€ J.

4.4 Courant-Friedrichs-Lewy condition

In two dimensions the Courant-Friedrichs-Lewy condition reads

Gl Oy Gl

<1.
Ax Ay —
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Here Ax and Ay are lengths of the interval of the spatial partition and v*
and vY are velocities by which the solution propagates in x and y direction,
respectively. As we have the triangular partition, we do not explicitly have
the lengths Az and Ay. On the triangle €2;, we approximate the lengths by
the diameter d; of the incircle of €);, i.e.

d; =~ Ax ~ Ay.
This yields

T 0] 4 o) < 1.

The absolute values of velocities v* and v¥ are lower or equal to the absolute
value of maximum eigenvalues AP, (UF) of I, (UF) and A3, (UF) of I4(U}),

max

respectively. Taking this into account the Courant-Friedrichs-Lewy condition
becomes

di
[ Mo (UF) ] + [Xihax (UF) |

74| < (4.21)

4.5 Test of convergence

We will test our derived scheme on a nonlinear scalar and a linear vector
problems. Firstly, let us set the parameters for the solver. We use Matlab
built-in routine initmesh to generate the partition 7, of 2, with the maxi-
mum edge size h. At each time step t; we choose the longest time step |7x|
such that the Courant-Friedrichs-Lewy condition holds true for a given h.
Let uj denote the approximate solution generated by our solver and let
the residuum at time ¢; be
res, = / |uh(r,tk) — uh(r,tk_1)| dr = Z |Ql||Uf — Uf_l‘, (4.22)
a, ieJ
for k > 1. We end the calculation when the residuum decreases below 1072,
Let K € Ny be the smallest number such that resxy < 107*. We consider
the approximate solution at time tx to be at steady state. As a measure of

accuracy of the approximate solution, we take the Li-error at steady state,
i.e.

erry, = Z ]QlHu(rz) — UzK‘ ~ / ‘u(r) - uh(I‘,tK)| dr,
Qp,

ieJ
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where u is the exact steady-state solution and r; is the centroid (4.20) of ;.
The index A in err, is the maximum edge size of the spatial partition 7,. We
define the convergence rate as follows

rates = log, (errr2h> . (4.23)
h

Since we were using the first order approximation throughout the derivation
of the finite volume scheme, we expect the convergence rate to be around
one.

4.5.1 Exemplary computation for a nonlinear scalar
equation

We consider the scalar analogy of the problem given by equations (4.6), (4.7),
(4.8):

Wt o) F g = [y t)  mQx©OT),  (124)
u="b(z,y,t) on 92 x (0,7,
u = up(z,y) in Q x {0},

where f,p,q,b and uy are given scalar functions. Here we have the flux
P(u,n) = p(u)n” + q(u)n?,

which is a scalar. Thus, the Jacobi matrix Jp also becomes scalar and, in
this subsection, we will denote it by P, i.e.

OP(u,n)
ou
We will be using the Van Leer flux (4.5):

P(u,n) = =p'(u)n® + ¢'(u)n?.

H(u,v,n) = % P(u,n) 4+ P(v,n) — ‘P (u;—v)n)

(v—u)]

In order to test the scheme given by equations (4.17), (4.18) and (4.19), we
need to choose f,p,q,b and uy. Let Q = Q, =[0,1] x [0, 1] and let

1 1
uo(w,y) = 52° + 7,
1
p(U/> = §U3,
1 1
q(u) = ZLUQ + JU



Consequently we have

We take the stationary function
u(x,y) = sin(rz) + 1 — e 29,

to be the exact solution of (4.24). It follows that the source term takes the
form

1
f(z,y) = 7cos®(mz) — %ewy + 3

and the boundary condition takes the form

It is convenient to choose the time step to be the largest obeying (4.21):

. di
= ()

where d; is the indiameter of €);.

Now, we pretend not to know the exact solution u of (4.24) and solve the
problem by the finite volume solver for five different meshes with maximum
edge size h = 1/2, 1/4, 1/8, 1/16, 1/32, thereby producing five approximate
solutions uy,. The error of the approximate stationary solution wu(-,tx) is
plotted in Figure 4.1 and tabulated in Table 4.1. The table also contains
the number of time steps which needed to be taken to reach steady state
along with the convergence rates. Let us note that the number of time steps
K = K}, depends on h. We emphasise that all the errors are taken at the last
time step (at steady state) and so we need to run the whole algorithm for
each of the five tabulated errors separately. We can see that the convergence
rate is slightly lower than one, which means that the solver for this set of
parameters converged somewhat slower than linearly.
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h K; err;, ratey
1/2 98 0.235

1/4 125 0.135 0.796
1/8 146 0.0595 1.18
1/16 320 0.0325 0.871
1/32 656 0.0189 0.782

Table 4.1: The error, convergence rate and number of time steps at steady
state of the scalar problem (4.24) for various values of h.

M
=
1

Figure 4.1: The error at steady state of the scalar problem (4.24) plotted for
h =1/2,1/4, 1/8, 1/16, 1/32. The x and the y axes are proportional to
log,, h and log,,(erry,), respectively.
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4.5.2 Exemplary computation for a linear vector equa-
tion

We consider the linear analogy of the problem given by equations (4.6), (4.7),

(4.8) with

p(u) = Au,
q(u) = Bu.
Here A, B € R? are diagonalisable matrices. The flux becomes

P(u,n) = Aun* + Bun?,

and its Jacobi matrix
Jp(n) = An* 4 BnY,

is independent of w. This results in the equivalence of Steger-Warming,
Vijayasundaram, and Van Leer numerical fluxes. In the linear case, all of the
three numerical fluxes can be written in the following form

H(u,v.n) = Tp(n)u + Ip(n)v,

For our experiment, we choose dim = 2, 2 = Q, = [0, 1] x [0, 1] and

1 05 1 0.5
A_(0.2 0.5)’ BZ(O.? 1.1)'

Furthermore we choose the initial condition as

o-()

u(az,y):< sin(7x) sin(7y) )

15(x — 2%)(y — v°)

to be the exact solution. We can now derive the source term by plugging the
exact solution into (4.6). It is easy to see that we have the zero boundary
condition b = 0. We choose the time step to be the largest obeying the
condition (4.21):

We take

JETSERITN)

max max

(4.25)

7]
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Here d; is again the indiameter of €;, A2 is the maximum eigenvalue of
A and A, is the maxim eigenvalue of B. In the linear case, Courant-
Friedrichs-Lewy condition does not depend on k, therefore there is no reason
not to choose the mesh to be uniform with |7| = || = || = ...

Again, we proceed the algorithm for five partitions of Q with h = 1/2,
1/4, 1/8, 1/16, 1/32. The error at steady state, the number of time steps
needed to reach steady state and the convergence rate are shown in Table
4.2. The error is also plotted in Figure 4.2. Here, the acquired convergence
rate confirm the suggested linear convergence by having its value close to

one.

first component | second component
h K | err;  rate; err;  ratey
1/2 54 | 0.248 0.198
1/4 8910.135 0.883 0.119 0.74
1/8 152 |0.0676 0.992 0.0718 0.725
1/16 317 |0.0369 0.873 0.0398 0.852
1/32 568 |0.0199 0.893 0.0206 0.951

Table 4.2: The error, convergence rate and number of time steps at steady
state of the vector problem for various values of h. The upper indexes denote
the component numbers.
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—+—first component i
—+ —second component |1

Figure 4.2: The error at steady state of the vector problem plotted for h =
1/2,1/4, 1/8, 1/16, 1/32. The z and the y axes are proportional to log,, h
and log,,(erry), respectively.
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Chapter 5

Finite volume method for the
equation of radiative transfer

The discrete ordinate method, which was introduced in Section 3.1, is one of
the first developed as well as simplest methods to discretise direction in di-
rectional dependent equations. This method suffers from a number of serious
drawbacks, for instance from the ray effect or false scattering. Moreover, we
cannot choose the directions arbitrarily, but rather we have to choose them
along with their weights according to quadrature rules, in order to obtain
better agreement with the exact solution.

These disadvantages do not perish, even if we discretise space by the finite
volume method, instead of the finite difference method, which is the analogy
of the discrete ordinate method in space. The natural step, which has already
been taken, is to develop a complete finite volume scheme. All the mentioned
drawbacks do not disappear completely, nevertheless their influence should
at least decrease.

While the finite volume method has been a standard method for the spa-
tial discretisasion for some time now, first applications to direction started
to appear only two decades ago. In the present chapter, we will derive the
finite volume scheme for the equation of radiative transfer in both space and
direction for unstructured triangular partitions. We will consider only two
spatial and one directional dimensions. The finite volume method for radia-
tive transfer equation in two dimensions was also derived and numerically
tested by Kim and coworkers [8] and Modest [13].
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5.1 Notation

Spectral radiance [ is the unknown quantity in the equation of radiative
transfer. In Chapter 2, we had 7-dimensional spectral radiance I, since we
considered three spatial, two directional, one spectral and one temporal di-
mension. Here we consider only 2-dimensional space and direction, spectrum
and time are each 1-dimensional. Again, we suppress the spectral depen-
dence, since the radiative transfer equation is not coupled with respect to
the spectral variable. Thus, we take only four dimensions of I into account.
More often then not, we refer to spectral radiance only as radiance.
Whenever we do not explicitly show the dependence of I, we assume

I=1I(r,p,t).

The symbol r € € is the location vector, ¢ € [0,27) is angle and t € (0, o]
is time. Here €2 is a domain in R? and #, > 0. Notice that we use angle
instead of its associated unit directional vector s as the directional variable.
Angle and its associated unit directional vector are related through

s(#) = (5°(¢), 5"(2)) = (cos o, sing)
We will refer to the flux
P(I,gp,n) =s-nl,

also as the physical flux to distinguish it from the numerical flux. The phys-
ical flux is the overall energy of particles traveling in the direction s that
penetrate through a unit line segment perpendicular to n per unit time and
unit angle.

We consider the spatial and temporal partitions defined in Section 4.1. We
define the directional partition as a partition 0 = g < @1 < ... < @, =27
of the interval [0, 2] with the control angle ®,, = (¥, ©m+1), such that the
length of each control angle is lower or equal to m, i.e.

|(Dm| = |90m+1 - me| S T, (51)

where m € {0, 1, ..., M, —1}. We introduce the last condition only to
simplify further derivations. Its reason will be apparent later in this chapter.
Furthermore, we denote a unit directional vector associated with ¢,, by s,,,
that means

S = (si@, si’n) = (cos Om, SIN gpm),

where m = 0,1,..., M,. Let us note that ®,, is not an angle, even though
we call it the control angle.
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5.2 Initial-boundary value problem

We shall consider the 2-dimensional version of the equation (2.11), the equa-
tion of radiative transfer, namely

101
- VI=C(I .2
"ot +s-V C(I), (5.2)
with the collision term
27
C) =B~ (u+ o)l + 32 [ W DI des (53

0

which is subject to the initial condition
I(r,¢,0) = Io(r, ), (5.4)
and the boundary condition
I(ry, o, t) = b(ry, p, 1) for s-n, <0.

Here r, € 01 is the location and n, is the outer normal of the boundary, c is
the speed of light and Iy and b are given functions. The boundary condition is
prescribed only for incoming radiance. On the other hand if s-n; > 0, which
means that I is outgoing, the radiation freely leaves the domain without
further requirements. Modest [13] described more complicated boundary
conditions for a number of reflective surfaces.

All the symbols in the collision term C are the same as in the equation
(2.11) and described in Section 2.4. We have only substituted s for ¢ and
s’ for ¢/ and replaced the constant 47 with 27, since in two dimensions the
integral over all directions fo% dy is equal to 2m. Note that we must modify
the scattering phase function ¥ accordingly to the substitution.

In vacuum, the collision term C' is equal to zero. The equation (5.2) then
becomes confusingly similar to the transport equation. The difference be-
tween the transport equation and the equation (5.2) with the zero right-hand
side is that here s is not constant, but rather it depends on the directional
variable ¢. This makes a fundamental change in the way we solve (5.2) com-
pare to the transport equation, as we also need to discretise the directional
variable.

5.3 Temporal discretisation

First of all, we will discretise time by the Euler method. We integrate (5.2)
over 7, and approximate the integrals of the flux and the collision term by
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the left endpoint rule, thereby getting the partially discrete scheme

ol

(IF = 1%) + |mls - VIF = |m|C(1%), (5.5)

where I* is an approximation of I at time t, i.e.
I*(r, @) =~ I(r, p,11,).
Here r € Q; and ¢ € [0,27). The initial condition is
1°(r, ) = Io(r, ¢), (5.6)
and the boundary condition is
I*(ry,0) = b(ry, 0, 1), (5.7)

for s-n;, < 0.

5.4 Spatial and directional discretisation

In this section, we shall discretise space and direction both by finite volume
method. Let us first note, that we use the notation and definitions developed
in Section 4.1. Integrating the equation (5.5) and (5.6) over €; x ®,,, we get

1
E//([’f+1 — I*)dr dp + |7 //s-wk dr dp = \rky//C(lk)dr dep,
@m Qi (I)m Q'i, <I>m Qz’
(5.8)

with the initial condition

//10 dr dy ://[0 dr dy. (5.9)

We rearrange the second double integral in (5.8) by employing Green’s the-
orem as follows

//s VIF dr do = //s n]kdfdgo— Z //s n; I di dp.

By O ENIUN! &, 0;;
(5.10)
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Let us remind that n is the outer normal of d€2; and n;; the normal of ;.
Plugging (5.10) into the equation (5.8) and multiplying it by ¢, we obtain

//Ik“drdgo //[kdrckp—ch'k] Z //s n,; 1" dl dp

b
EN;UN; LS

+ || //C(I’f) dr de. (5.11)
D,y Q;

We denote an approximation of the integral average of I* over Q; x ®,, or
(% x @, by IF, , hence

Jmo
I*(r, @) dr dp for j € J,
\‘PmHQ | //

Ik — (5.12)
@—W//b(r,gp,tk) dr dp for j e Jb.
mil~y
[ gljz

\

At each time step t;, we approximate radiance I* by a piecewise constant
function I such that I} = IF, in the interior of each Q; x ®,,. The latter
integral in (5.12) is introduced because we need two values of IF on each edge
l;;, out of which we compute numerical flux. For j € J° however, é? lies on
the boundary and so there is just one element adjacent to Eg’-. We replace the
integral average of the other element by the integral average of the boundary
function.

The integral fﬁj s-n;;I* dl is the energy of particles penetrating through
¢;; per unit time and unit angle in the direction s. We approximate the
integral by means of the numerical flux H, particular choice of which we
discuss later. To be specific, we plug the values of the approximate solution
It adjacent to ¢;; into H, i.e.

1
H(Izkm7ljkm?nij) ~ W/S “ 15 Ik de. (513)
ZJ ..

Furthermore, we denote the integral of the numerical flux ‘H over ®,, as ﬁm,
thus

k k
H (Isz jmo 1 MU|//S nng dat d(,@ (514)

m Lij
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The integral on the right-hand side (excluding the preceding constant) is the
energy of particles penetrating through ¢;; in all direction of the control angle
®,, per unit time and Mij|ﬁm is the same quantity in the discrete scheme.
We refer to ﬁm as the angular numerical flux.

To finalise our goal, we plug (5.14) and the first expression in (5.12) into
(5.11), which together with (5.9) and the second expression in (5.12) gives
the fully discrete scheme

Bt g S AT i,
T jeN;UND

, 1

= —//[O(r,gp) dr dyp i€l
T Aalll S

jzkm = %//b(r’goatk) dr d(p 1€ Jb,
T Palll] J

. 1

CF = —//O(Ik) dr dp, i€ J.
Pl ST "

(5.15)

Let us remind that N; C J, N} € J® and J N J* = 0).

5.5 Collision term and its integral average

To be able to apply the scheme (5.15), we need to approximate the two double
integrals by a suitable numerical quadrature and express C_'{fm and ﬁm in a
more transparent form. Let us begin with the integral average C_’ka It is
defined by

_ 1
Cl = B0 / /C(Uf) dr de,
m i o o,

with the collision term (5.3), namely

2w

C) =0 - (ot o)l + 32 [V QI 4. (510
0

Since the approximate solution I} is constant in each ; x ®,,,, the integration
is fairly straightforward for isotropic scattering, ® = 1. In this case, the
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integral average C¥  reads

Ct =08 — (0a+ 09I}, +USZ (5.17)

In general, it is rather complicated to integrate the last term in (5.16), let us
therefore deal with it first. We simplify the integral over the term as follows

2T
///W(w’,w)ff'f(md) d' dr d = //Z/ (&, o)}, d dr do
P, Q2; 0

n=0 @,

MW 1

= Y Ifn//‘lf(w’,so) dy' de.
n=0 ®,, O,
Thus, the general formula for C_’i’fm reads
My—1
C,=0.B— (0a+ 09I}, + 2_ Z 15 W, (5.18)
n=0

with

T, 1 / /
Uy = m//‘l’(sﬁ,w) dy¢’ dp. (5.19)

®,, P

where the double integral needs to be either approximated with the aid of a
sufficiently accurate numerical quadrature, or calculated exactly.

5.6 Angular numerical flux

The target of this subsection is to express the angular numerical flux ’;il\m
in a form that allows us to implement it directly as opposed to (5.14). To
this end, we need to integrate the numerical flux over each control angle ®,,.
Consider the flux on a face ¢;; of a triangle ;. The flux may be incoming
in one part of the control angle and outgoing in the other. This is called the
control angle overlap. This makes the integration more complicated and so
it is a common practice to use the bold approximation. This means, that the
flux is considered to be either incoming or outgoing the the whole control
angle. Here, we will develop an exact treatment of the control angle overlap.
Kim and coworkers [8] revise three types of manipulation of control angle
overlap.
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We have a scalar equation and so the physical flux
P(l,p,n)=s-nl

is also scalar. Therefore, its Jacobi matrix becomes an ordinary derivative.
Moreover P is linear, hence its derivative P is constant with respect to I, i.e.

OP(I,o,n
Pp.m) = PUA

We will use the numerical flux according to Steger-Warming scheme, see
(4.4), i

=S-1n.

H(U,V,n) =P (p,n)U + P~ (¢,n)V,

which splits the numerical flux into the outgoing and incoming parts. Note
that in this case, for a linear physical flux, the Steger-Warming numerical flux
is equivalent to Vijayasundaram and Van Leer numerical fluxes. The positive
and negative parts of P are defined by (4.3) and for a scalar equation they
become

P*(¢,n) = max {O, P(gp,n)},
P~ (¢,n) = min {0, P(¢,n)}.

Furthermore, we define

OF = &F(n) = {p € B, : P(p,n) < 0}, (5.20)
O = (n)={pecd,:Plp,n) >0} (5.21)

Suppose we have an edge /;; of a triangle €2; with the outer normal n;;. The
flux P(p, n;;) is outgoing in the set @, (n;;) and incoming in @, (n,;) with
respect to €;. If U and V' are constant in ®,,, then H,, satisfies:

(U, V.m) — /H(U,v,m dp = U/Pw,n) dp + V/P—w,n) dg
L2

m m

.y / P(pn) o+ V / P(pm) di. (5.22)

o (n) ®7 (n)

5.6.1 Incoming and outgoing angular numerical flux

Let us sum up what we have learnt so far. Thanks to (5.22) we can express
the angular numerical flux H,, as

Hon (I If o 0ig) = I, / s-ny do + I, / s -y di. (5.23)

o, @,
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It follows from (5.20) and (5.21) that s - n;; is positive in ®;} and negative
in ®. Since #,, is subtracted in the scheme (5.15), the first term in (5.23)
is the outgoing part and the second is the incoming part of the angular
numerical flux with respect to €2;. Note that in this section we always assume
O = P (ny).

We can now substitute ., in the finite-volume scheme (5.15). However,
it is still unclear how to calculate the integrals on the right-hand side of
(5.23). The next step therefore is to evaluate these integrals. Completing
the dot product s - n;; gives us

/s -1y dp = nj; / s (o) dp —|—ni-"j / sY(p) de. (5.24)

E 7 P

Let us remind that

s(p) = (s"(¢), s%()) = (cos¢p, sinyp),

Sm = (8%, s%) = (cos gy, sing,).

We have defined the directional partition such that |®,,| < 7, see (5.1).
Hence we have only the two following cases:

1. the numerical flux is either incoming, or outgoing in the whole interval
q)m = (¢m7§0m+1)7 or

2. there are two intervals (¢, ¢i;) and (@i;, m+1), such that the numer-
ical flux is incoming in one and outgoing in the other.

Before discussing each of the cases in more detail, we integrate s* and sY
over each of the three intervals (¢, Ym+1), (©m, pi;) and (¢ij, m+1). Let us
start with (@, @mi1):

Pm+1
/sw(@) dp = / cos @ dp = Sin Y411 — sin g, = Si}n—i-l — s,
P, Om

Pm+1
/Sy(90> ng = / SiIlgO dgp = COS Py — COS Pppy1 = Sirpn _ ernJrl-
Pm Pm

Similarly we integrate s* and s¥ over (g, ¢;;) and (@, ¢ms+1) and hence
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obtain

Pij Pij

/Sm(w) dp = sj; — 5%, /Sy(sf)) dp = sy, — 5,
Pm Pm
Pm+1 Pm+1
/ s°(p) dp = sp,1 — i), / sY(p) dp = sj; — sy 11
Pij Pij

If we now wish to substitute the integrals in the right-hand side of (5.24) for
the obtained expressions, we need to know in which one of the intervals the
numerical flux is incoming and in which one it is outgoing. To this end, we
distinguish the four following cases:

(1) If S+ I Z 0 and Sm+1 - Ij 2 O, then

D (n;) = Ppy,
®,,(ny;) =0,

m

and

/s 0y dp =ng; (S%H - an) + nj; (3; - 351+1)7

o

/S'ni]‘ng:O.

P

(ii) If s, - my; <0 and s,4q - 0y < 0, then

o, (nj;) =0,
P, (n5) = Oy,
and
/s ‘1,5 dp =0,
xS
/S ‘15 dp = ng; (siln—l-l - 5%1) + ”?J (3; an+1)'
®.,
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(iii) If s, - my; > 0 and s,,41 - ny; < 0, then
) (0455) = (Pm, i),
(I);z(nij) = (Spija §0m+1)a
and

/s'nij dgpznfj(sg’j —5}%) —l—n?j(sﬁ—s%),

o

/s-nij do = nf;(spy — s%) + 0 (s — spi).
@5,

Yy

v ni;). In other

Here ¢;; denotes the angle of the vector s;; = (—n i

T vy _ Yy T o
words sj; = —n;; = cosp;; and s;; = ng; = sing;;.
(iv) If s, - m;; < 0 and sy,41 - n;; > 0, then

q);(nij) = ((pij7 §0m+1)a
D, (n55) = (om, ©i5),

and

/s-nij dgpzn;’}(si’nﬂ —s?j) +nlyj(sfj —siﬁl),

o
s-n;; d —n””(sy—sy)—l—ny(sw—s’”)
ij AP = TS5 m i Sm ij) -

D

— Y T
Here ¢;; denotes the angle of the vector s;; = (n;, —nf;). In other
T ) .. Yy _ f— .
words sj; = n;; = cos p;; and s;; = —ng; = sing;;.

This finalises our goal in this subsection, as we have evaluated the integrals
in (5.23) for each of the four cases, thereby calculating H,,. We have also
reached the main target of the whole chapter, since plugging (5.23) into
(5.15) gives us the complete finite volume scheme for the equation of radiative
transfer.
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5.7 Finite volume scheme

We shall summarise our finite volume scheme for the equation of radiative
transfer. Bringing (5.15), (5.18), (5.19) and (5.23) together gives us

= - C’Tk‘ = .

]Zf:glzlfm ](IJ I Z 7—[ Zm, ]m,nij)+c|7'k|ijm 1€ J,
m JEN;UN?

I, = //IO ) dr dyp i €J,

|<1>m||9|
IF = b ty) dr d e J?
2,m |(1)m||€?| // (r7907 k’) r 90 1 9

Pm g8

Ct, = 0aB — (04 + o) Zm—i—— Z Vs i€

(5.25)
where

- 1
\Ijm:n = ’(I) | //\11(9017()0) dgol ng,

P P

and

7:2 ([zkm7ljkm7ni]) - Tzkmﬁjm(nij) + Ijkmﬁ;n(nlj)

Here the functions Pm and P;n are as follows:

(i) For s, -n;; > 0 and s,,41 - n;; > 0, we set

P (1) = nf, (st — ) + (s — s%41),
P, (n;) = 0.

(ii) For s,, -n;; <0 and s,,11 - n;; <0, we set
~t
P,.(n;;) =0,

~—

P, (ni;) = nj; (Sgﬂrl ) +nj, ( - 3m+1)

(iii) For s, -ny; > 0 and s;,41 - 05 < 0, we set s;; = (—ny;, nf;) and
~

P, (ni5) = n; (st — sh,) +nfi(sh, — s7;),

~—

P (0i5) = i (sppn = s55) + 0 (555 = s
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(iv) For s,, -n;; <0 and s,,41 - n;; > 0, we set s;; = (nij, —nfj)

When all the values ffm are calculated, we can readily reconstruct the
piecewise constant approximation [, of I as follows

In(r,p,t) = fi’fm forallr e Q;, p € ®,,, t €7,

where i € J, m € {0,1,..., My} and k € {0,1,..., M,}.

93



Chapter 6

Numerical results

In this chapter, we shall first apply the scheme on a few test problems and
then preform a test of convergence. The problems are designed merely to
test the mathematical description of the method rather than to reconstruct
real physical conditions with realistic coefficients. Are aim will be to examine
how absorbing and scattering regions effect the solution.

In all the test problems, we assume that there is no surface on the bound-
ary of the considered domain or that the boundary consists of the black sur-
face (which both have the same consequences). All the outgoing radiation
therefore freely leaves the boundary of the domain without being reflected.

Moreover, we consider isotropic scattering, ¥ = 1, and replace the emis-
sion term o, B with a source term S in the radiation transfer equation (5.2).
This means that we will be solving the equation

27

%% +s-VI=S8(r,p) — (0a+0s)] + 20—; /I(r, o' 1) dy, (6.1)
0
in the following test problems. The reason for replacing the emission term
is that we are not trying to reconstruct real physical conditions, therefore it
does not make much sense to make up an artificial temperature field in order
to fit are needs. Instead, we directly prescribe the emitted radiation. Let us
notice, that now, when the phase function has disappeared, the integral on
the right-hand has become irradiance E = [ I dp.
Subsequent figures will plot irradiance rather than radiance for greater
data transparency. We obtain an approximation of irradiance as follows

2 Mg—1
E, = /Ih dp =Y |®p|If.
0 m=0
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For more information about the relation between radiance I and irradiance E
see Section 2.2.

The radiative transfer equation is linear and so the Courant-Friedrichs-
Lewy condition, which we covered in Section 4.4, does not change in time.
We therefore choose a uniform temporal partition. The expression (4.21),
which is an approximation of the Courant-Friedrichs-Lewy condition, in the
case of radiative transfer equation reads

di
c(cos g +singp)’

7] < (6.2)
for each ¢ € [0,27). The symbol d; denotes the indiameter of €; and ¢ is
still the speed of light. In general, the equation is coupled with respect to
direction, therefore we must choose the same time step for all ¢. We estimate
the denominator as

cosp +sinp < V2.

This inequality is also the weakest possible estimate, as it becomes an equality
for ¢ = /4 + km /2, where k = 0,1,2,3. Taking this into account, we bind
the time step to a particular spatial partition as follows

d.

7| = min T (6.3)

1
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0 0.1 nz 03 04 05 0B 07 08 08 1

Figure 6.1: The flash of light. The initial function is Iy = 6 in the black
circle with radius 0.03 and zero everywhere else. There are no absorbing,
emitting or scattering regions nor are there any sources. There is no incoming
radiation on the boundary.
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Figure 6.2: Irradiance Ej, for the flash-of-light problem (see Figure 6.1) plot-
ted at various times. The uniform directional partition with 32 control vol-
umes was used.

6.1 Flash of light problem

We consider a strong impulse of electromagnetic radiation in a small cir-
cular region spreading in all directions equally. We assume no participating
medium. Hence, we will be solving the equation of radiative transfer without
the collision term. We choose the circular region to have the radius » = 0.03
and place it in the centre of the 1 x 1 square domain as shown in Figure 6.1.
We simulate the impulse of electromagnetic radiation or the “flash of light”
by setting the initial radiance I = 6 in the circle. The chosen radiance is con-
stant in direction, thus the electromagnetic radiation spreads in all directions
equally.
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Figure 6.3: Irradiance Ej, for the flash-of-light problem (see Figure 6.1) plot-
ted at time ¢ = 0.40/c. The uniform directional partition with 16 control
volumes was used. Compare with Figure 6.2b.

The approximate solution was calculated using the uniform directional
mesh with 32 control angles (|®,,| = 7/16) and spatial mesh with the max-
imum edge size h = 0.03. Approximate irradiance FEj, is plotted in Figure
6.2. We can see that the approximate solution behaves more or less the
way we would expect the exact solution to behave, except of course that the
discontinuous initial condition is artificially smoothened by the inaccurate
numerical treatment as time progresses.

Irradiance Ej;, computed for the same problem with unchanged spatial and
directional partition, however with only 16 control angles instead of 32, is
plotted in Figure 6.3 at time ¢t = 0.40/c. Here, we can see the strong influence
of the ray effect, which was almost absent in the previous test (compare with
Figure 6.2b). As we discussed in Section 3.3.2, the ray effect can be reduced
either by refining the directional partition, or by taking a coarser spatial
mesh. The latter increases false scattering, which then compensates for the
irregularities caused by the ray effect. For more information about false
scattering see Section 3.3.1.

This means that when refining the spatial mesh, we need to refine the di-
rectional partition accordingly, to retain the balance between false scattering
and the ray effect.
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6.2 DBridge problem

This problem is designed to test absorbing regions. Again, we have the
domain Q = [0, 1] x [0,1]. We consider a constant source of electromagnetic
radiation on the right vertical line segment of the boundary, radiating in a
small angle ¢ € [r—m /128, m+m/128]. There are two pure absorbing regions
present, as shown in Figure 6.4, otherwise there are no scattering or emitting
regions. The initial function is identically equal to zero.

Since there is no scattering present, the system (5.25) is not coupled with
respect to direction. As the only source of electromagnetic radiation is the
boundary, radiance is nonzero only for ¢ € [7 —7/128, 7™ + 7/128]. Hence,
we choose the uniform directional partition with ten control angles and

wo =1 — /128,
on, =T+ /128,

We take the same spatial and temporal partitions as before. We can see how
the absorbing regions effect the solution in Figure 6.5.

1

09
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otr

0 L L I L
0 0.1 oz 03 04 05 0B 07 08 08 1

Figure 6.4: The bridge. The two red rectangles are pure absorbing regions
with o, = 2, their hight is 0.35. The rest is vacuum. The boundary function
is b(p,t) = 16 for m — w/128 < ¢ < 7+ 7/128 on the green part of the
boundary, otherwise b = 0. The initial function is I, = 0.
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Figure 6.5: Irradiance Ej, for the bridge problem (see Figure 6.4) plotted at
various times. Figure 6.5d is the steady state.

6.3 Lattice problem

This problem is design to test how our solver deals with highly scattering
as well as highly absorbing regions. We will recreate the exact same con-
ditions as Brunner [1] used for his numerical experiment. The lattice sys-
tem, depicted in Figure 6.6, contains eleven purely absorbing regions with
0, = 10, while the rest of the domain consist of purely scattering regions
with o, = 1. There are zero initial and boundary conditions. An isotropic
source S = 1/(2) is placed in the central region of the 7 x 7 square domain.

We simulate the radiative transfer for the source being turned on at time
zero. Logarithmically scaled irradiance log,, £}, is shown in Figure 6.8 and
Figure 6.7 at time ¢ = 3.2/c. The results in Figure 6.8 were generated
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Figure 6.6: The lattice system. The red squares are pure absorbing regions
with 0, = 10. The blue a black regions are pure scattering regions with
os = 1. Moreover, the black region contains an isotropic source S = 1/(2m).
There are zero initial and boundary conditions.

by a solver created by the author of the current thesis, according to the
scheme (5.25), which is of course based on the finite volume method. Results
in Figure 6.7 on the other hand were generated by solvers based on various
methods, some of which we described in Chapter 3. These calculations were
done by Brunner [1], who used his own solver for the Py-approximations,
while for the others he employed available solvers.

At time t = 3.2/¢, the particles have just enough time to reach the
boundary, but not the corners. In the diffusion approximation, shown in
Future 6.7a, the particles clearly occupy the corners. We warned against
this effect in Section 3.2.2. The Flux limited diffusion, in Figure 6.7b, is a
significant improvement over the pure diffusion method, nevertheless there is
not enough radiation leaking in between the absorbers. We have not covered
this method in this thesis. In short, it is based on limiting the flux F in the
diffusion method.

The particles in the P; calculation, Figure 6.7c, are way too slow. They
travel at the speed of ¢//3 instead of ¢. The Sg-approximation in Figure 6.7e
shows an extensive influence of the ray effect. This method uses 24 directions
and weights, since the order of quadrature N and the number of directions
M for the discrete ordinate method are related through

1
M:§N2+N,

in two dimensions, see Table 3.1.
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(a) Diffusion (b) Flux limited diffusion
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(e) Ss (f) Implicit Monte Carlo

Figure 6.7: Simulation of the lattice problem calculated by various numerical
methods and paused at time t = 3.2/c. The colour-map corresponds to
log,o En. These result were obtained by Brunner [1].
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(e) My, =32

Figure 6.8: Simulations of the lattice problem calculated by the finite volume
method with M, control angles and paused at time ¢t = 3.2/c. The colour-
map corresponds to log;, E,.

62



The P; and implicit Monte Carlo simulations, shown in Figure 6.7d and
Figure 6.7f, offer the most accurate results. They also agree with each other
considerably well. They will be therefore helpful when evaluation our own
results. The P; calculation however shows signs of the wave effect, which we
discussed in Section 3.3.3. Monte Carlo is statistically based method that
rely on repeated random sampling to obtain numerical results. We do not
cover the description of this method in the present thesis.

To generate the results in Figure 6.8, we use a spatial mesh with h = 0.05
and four different uniform directional partitions with M, = 8, 12, 16, 24,
where M, is the numbers of control angles. We can clearly see the ray effect
in Figures 6.8a - 6.8c, and of course the less control angles, the stronger the
effect. Let us take for instance Figure 6.8b, which uses 12 control angles.
It quite obviously shows weaker influence of the ray effect than the discrete
ordinate calculation (Sg) in Figure 6.7e, which uses 24 directions. To produce
Figure 6.8d twenty-four control angles were used, but it shows considerably
smoother behaviour than Sg. In fact, it very well agrees with the P; and
Monte Carlo calculations, although it still shows a faint ray effect. The
finest discretisation used, in Figure 6.8e, has barely any noticeable ray effect
and matches with P; and Monte Carlo even better.

6.4 Test of convergence

We have applied the solver for a few test problem and it intuitively seems
to be working correctly. In order to verify the right functioning of the solver
more rigorously, we shall preform a test of convergence, just as we did for the
direction-independent equation in Section 4.5. Let us first define the error
and the residuum.

6.4.1 Li-error and residuum

Again, we will be solving a steady-state problem. We end the calculation
when the residuum

9

Mo
resy = / ‘Eh(r,tk) — Eh(r,tk_l)‘ dr = Z |(I)m| Z |Ql|‘f_ﬁm — [_lkj;ll
m=0

Q, icJ

drops below 107%. Let K € Ny be the smallest number such that resg < 1074
We consider approximate irradiance Ej(r,tx) to be at steady state. As a
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measure of accuracy, we take the Li-error of irradiance at steady state, i.e.

icJ

ern, = 3 (][ B(r:) — Bi(ri, )| ~ / |E(r) — En(r, tx)| dr,
Qpn

where r; is the centroid of €; as defined in (4.20). The rate of convergence
is defined as follows

CITop
rate, = log, o )
h

6.4.2 Inventing a solution

We need to compare the approximate solution generated by our solver with
the exact solution of (6.1), which we do not know in general. Therefore we
“invent” a solution and then calculate the source term S in order to fit the
solution. Let us choose the domain © = [0, 1] x [0, 1] and the exact solution

I(r,p) = % sin(7x) sin(my)(cos ¢ + 1), (6.4)

where r = (z,y). Now, we shall calculate the source term. As I does not

depend on time, we have

ol
EZO.

The gradient of I can be expressed as follows
1
Vi(r,p) = 5(005 ©+1) ( cos(mz) sin(my), sin(rz) cos(wy)). (6.5)

The integral in (6.1) is nothing else than irradiance

2

E= /I dy = sin(mz) sin(my). (6.6)

We get the explicit formula for the source term S by plugging (6.4), (6.5)
and (6.6) into

Os
=s-VI a ) — —F.
S=s + (04 + 05) 5

The chosen time-independent radiance I is equal to zero on the boundary
0€), thus we have the zero Dirichlet boundary condition for all ¢ > 0. We
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can take an arbitrary initial function. Let us choose the material coefficients
as follows

1 forx<1/2,
00 =
2 forx>1/2,

1 fory<1/2,
05 =
2 fory>1/2.

6.4.3 Test of convergence for 16 control angles

Now, we solve (6.1) with the boundary function b = 0, the initial function
Iy = 1/(2m) and the calculated source term, as if we did not know the exact
solution. We will do so for five different spatial meshes with maximum edge
size h =1/2, 1/4, 1/8, 1/16, 1/32. We choose the uniform directional mesh
with 16 control angles. Again, take the time step (6.3).

The error of irradiance Ej at steady state is plotted in Figure 6.9 and
tabulated in Table 6.1 for each of the five meshes. The table also contains
the number of time steps K, that the solver took to obtain the solution and
the convergence rate. The rate of convergence indicates linear convergence,
which is just what we have been hoping.

h K; err, ratey,
1/2 23 0.098

1/4 38 0.0577 0.763
1/8 66 0.028 1.04
1/16 136 0.0134 1.06
1/32 241 0.00651 1.04

Table 6.1: The error, convergence rate and number of time steps at steady
state for various values of h. Sixteen control angles were used here.
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h
Figure 6.9: The error at steady state plotted for h = 1/2, 1/4, 1/8, 1/16,
1/32. Sixteen control angles were used here. The z and the y axes are

proportional to log,, h and log,,(erry,), respectively.

6.4.4 Test of convergence for 4 control angles

Even though we can be satisfied with the results for 16 control angles, we
may wish to test the convergence rate for a courser directional discretisation.
To this end, we choose the uniform partition with only four control angles,
otherwise we keep the same settings. The results for this case are shown in
Table 6.2 and Figure 6.10. Here, the solver converges linearly only up to

= 1/8. In the next step, the rate of convergence drops down. Eventually,
the solver stops converging completely. The reason for this behaviour is
clear. When refining the spatial and temporal partitions, the error caused
by the spatial and temporal discretisation becomes eventually insignificant
compare to the error due to the directional discretisation. Among others,
the error caused by the directional approximation includes the discussed ray
effect. Once again, these results remind us to keep the balance between
the spatial and temporal discretisations on the one hand and the directional
discretisation on the other.
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h K, err, ratey,
1/2 23 0.111

1/4 40 0.0643  0.792
1/8 70 0.0312 1.04
1/16 143 0.0232  0.427
1/32 258 0.0247 —0.0915

Table 6.2: The error, convergence rate and number of time steps at steady
state for various values of h. Four control angles were used here.

L L L L L L Ll L L L L L L1
10 10" 10°

h

a

Figure 6.10: The error at steady state plotted for h = 1/2, 1/4, 1/8, 1/16,
1/32. Four control angles were used here. The x and the y axes are propor-
tional to log,, h and log,,(erry), respectively.
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Chapter 7

Conclusion

The central theme of the current thesis revolves around the equation of ra-
diative transfer and its approximation. We concentrated especially on direc-
tional discretisation, as directional dependence is rather rare among partial
differential equations. The discrete ordinate method could have been em-
ployed for this purpose. This method is simple, however it suffers from a
number of defects such as the ray effect and false scattering. Despite their
similarity, the finite volume method preforms better than the discrete ordi-
nate method.

In an attempt to avert an unphysical numerical behaviour, we derived
the finite volume method for unstructured spatial partitions and introduced
an exact treatment of control angle overlap. In spite of our endeavours,
the ray effect still occurs, as shown in the test problems; see Figure 6.3
or Figure 6.8. Nevertheless, the ray effect in the finite volume method is
considerably weaker than that of the discrete ordinate method; compare
Figure 6.7e and Figure 6.8. This is presumably because the former allows
particles to travel in whole control angles whereas the latter just allows travel
in specific directions. The finite volume method also conserves energy more
efficiently than the discrete ordinate method.

For a reasonable number and distribution of control angles, the finite
volume scheme derived in this thesis agrees considerably better with reality
compared to the diffusion and P, calculations by Brunner [1]. Furthermore,
flux limited diffusion, which is a substantial improvement upon the diffusion
method, also performed worse than the finite volume solver. The best Brun-
ner’s results were obtained by the P; and Monte Carlo simulations. The
finite volume solver should achieve a similar or higher level of accuracy for a
sufficient number of control angles.

For a fixed number of control angles of a uniform partition the finite vol-
ume solver showed linear convergence when spatial and temporal partitions
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were refined up to a certain point. The threshold, at which the solver stopped
converging, depended on the number of control angles used. It would be con-
sidered a worthwhile attempt to derive a relationship which estimates where
this singularity occurs for any given number of control angles. Since the ray
effect increases as one moves away from the source, this derivation would
presumably factor in the size of the domain.

Recommendations

This thesis is an introductory pursuit by the author to explore approxima-
tions of the radiation transport equation, and it is also the first example of
literature on this subject at the local department of mathematics. There is,
therefore, ample scope for further improvements and refinements. First and
foremost, boundary conditions for reflective surfaces must be implemented
into the scheme. Furthermore, an extension into three dimensions would
broaden the scheme’s applications. Finally, adding the material equation
would make the scheme capable of solving real world physical problems.

The equation for radiative transfer depends on time, space and direction.
In order to achieve higher accuracy with results, all three of these partitions
would require refinement, and, as such, this is a costly endeavour. It is,
therefore, desirable to rewrite the source code in a more efficient programing
language, for instance ANSI C, C++, Fortran etc. Linear reconstruction of
the finite volume method may also reduce the time of computation.
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List of symbols and quantities

c speed of light

Co speed of light in vacuum

Ne refractive index

v frequency

A wavelength

n wavenumber

hp Planck’s constant

I spectral radiance

E spectral irradiance

r location vector variable

s, s unit directional vector variable
Q, solid angles associated with s and s’ (in Chapters 2, 3)

By, B,, B, Plank’s function for various spectral variables
kp Boltzmann constant

t time variable

Oa absorption and emission coefficient

O scattering coefficient

v scattering face function

® outer product

F radiative flux

P radiation pressure tensor

Sim unit directional vectors of the directional partition
Wy quadrature weight associated with s,,

Q domain in R? (in Chapters 4, 5, 6)

0N boundary of (2

Qp, piecewise linear approximation of €2

T triangulation of €2,

Q; control volume (element of 75)

J set of indices of control volumes

h maximum edge size of Ty,
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face of a control volume that is a part of the boundary
set of indices of the line segments above

either common face between ; and €; (if j € J),

or a face of Q; on 9%, (if j € J?)

outer normal of /5 with respect to €2;

all the indices of neighbouring control volumes of €;

set of indeces of faces of 2; that are part of the boundary
nodes of the temporal partition

time step 7 = [tg, tgt1]

physical flux

Jacobi matrix of the physical flux

numerical flux

boundary functions

location on the boundary

centroid of €);

int. average of u over either Q; (if i € J) or £ (if i € J?)
residuum at ¢

Lq-error at steady state

convergence rate

number of time steps

angular variable

direction associated with ¢

angles of the directional partition

control angle

direction associated with ¢,,

collision term

integral average of I over either Q; x @, (if i € J)

or 1% x ®,, (if i € Jb)

angular numerical flux

subset of ®,, in which H is outgoing from a finite volume
with the outer normal n

subset of ®,, in which H is incoming into a finite volume
with the outer normal n

piecewise const. approximation of I on each €2; x ®,, X 73
piecewise constant approximation of £ on each €2; x 7
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