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Abstract: Numerous electrostatic fields are characterized by the presence of singularities (for example, at the corners or along the
edges of electrically conductive charged bodies). Solutions to the tasks involving such elements by classic low-order differential
methods often lead to inaccurate results. One of the prospective methods seems to be the integral approach starting from finding the
distribution of the charge using the system of the first-kind Fredholm equations. The paper shows an application of this approach to
two electrically conductive cubes in a general position in space. Discretization of their surfaces is performed in several different
ways and the results are compared with respect to their convergence.
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INTRODUCTION

Even when more than 90 % problems associated with
electrostatic fields are nowadays estimated to be solvable
by the differential techniques (mostly the finite element
method, more rarely by the finite difference technique
that is, however, no real competitor), there exist several
groups of tasks where the application of these methods
may appear problematic. One of them includes finding
the distribution of surface electric charge in 3D systems
of charged electrically conductive bodies. The main ob-
stacle is here represented by the necessity of discretizing
large definition areas including ambient media (air) and
possible singularities (the surface charge grows to infinity
at every corner or edge of any body in the system).

As far as the number of the bodies under investigation
is reasonably small and the system is electrically homo-
geneous, the integral method may prove to be a powerful
and reliable alternative. Its basic ideas are not new, but as
not so high attention was paid to this technique in the
past, the relevant references are not very numerous [1],
[2]. As known, the problem under investigation (finding
the distribution of the electric charge on the surfaces of
several 3D bodies in an arbitrary position) is described by
a set of the first-kind Fredholm integral equations. The
numerical solution to this set is, however, relatively com-
plicated and often accompanied by specific difficulties.
One of them is manipulation with fully populated matri-
ces and another problem consists in the evaluation of

various proper and improper integrals occurring in its
coefficients. Local problems with accuracy may also
appear, which is associated with a high charge density
near various edges, corners etc.

The paper, that represents a natural continuation of
previous work [3], deals with the formulation of the basic
continuous mathematical model of the problem and pos-
sibilities of its numerical solution. The theoretical analy-
sis is illustrated on an example of two electrically con-
ductive cubes in a general position in space. Particular
attention is paid to the convergence of results in depend-
ence on the density and arrangement of the discretization
mesh.

1 CONTINUOUS MATHEMATICAL MODEL

Consider a system of #» mutually isolated well conduc-
tive metal bodies £2,i=1,...,n (see Fig. 1) carrying
constant electric potentials ¢;, i =1,...,n. The system is
placed in a homogeneous medium of permittivity &, .

Dimensions of the conductors are finite and their surfaces
smooth by parts. It is necessary to find the distribution of
the charge density over the surfaces of the particular
bodies and map the electric field in their vicinity.

Let us choose a reference point O, € S, where S, is

the surface of body (2, . The electric potential ¢, at the
point O, is given by relation [3]
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Fig. 1: A general system of n electrically charged bodies
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where P, denotes a general integration point P, € £2 (the

significance of other symbols follows from Fig. 1). The
basic advantage of function 1/ o.p is its integrability in

2D. Solvability of the system (1) and unambiguousness
of the continuous model was proved in [2].

2 DISCRETIZED MATHEMATICAL MODEL

Let surfaces S; of the bodies(2,i=1,...,n be ap-

proximated by meshes consisting of planar elements. Let

N; denote the number of elements of magnitude 7}

covering the surface S;. No additional assumptions are

imposed on the surface meshes as the collocation scheme
by which the system (1) is discretised considers only the
midpoints and areas of the individual cells. Starting from
Fig. 2, where each element is supposed to carry a con-
stant value of the surface charge, the approximate solu-
tion to (1) is now given by the equation
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where F; is the midpoint of element 7j; € S, o, is the
charge density in element 7, and ry,, is the distance
between the reference point F; and a general integration
point R, €T, .

As the integration constant ¢, is unknown, the sys-
tem has to be supplemented by the condition
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where Q is the total charge of the system.

As far as the elements are of triangular or rectangular
types, the integrals

ds
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can be calculated analytically. Let us illustrate it for a
rectangle in Fig. 3 (but this arrangement has to be recal-
culated for a general position of the rectangle)
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Fig. 3: To the computation of integral I over a
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while for a triangle in Fig. 4 (that is of a sufficiently gen-
eral type)

Fig. 4. To the computation of integral I over a

ml rkj,m,
general triangle

Let us introduce first several constants following from the
geometry of the arrangement
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Then, after laborious and time consuming computation
we get
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Both expressions (5) and (7) have finite limits for
w=0 (reference point F; is placed in the plane of the

element). Their values are for the rectangle
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Analogously, for a triangle we have (w=0)
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where the constants are given by (6).
3 ILLUSTRATIVE EXAMPLE
The method was tested on two charged cubes in a

general position (see Fig. 5) placed in the air. The length
of the edge of both cubes is 0.02 m and the distance of



their centers 0.035m. The electric potential of the left
cube is ¢; =-50V, of the right cube ¢, =50V. Fig. 5

also contains several reference points (1,2,...,6) at which
we tested some important field quantities.
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Fig. 5: The investigated arrangement of both cubes

The computations were carried out on nonuniform
rectangular grids whose elements decreased towards the
edges and corners in order to ensure more realistic distri-
bution of the surface electric charge. The number of rec-
tangular elements covering one face grew from

36 (6x 6) elements to 400(20>< 20) elements. In the last

case the number of the degrees of freedom was
400x12 =4800, which represents the limit of capabili-
ties of the used PC. Moreover, the nonuniform grid was
created by several ways.

The computations provided a lot of results. There will
be presented several of those obtained on a grid, whose
elements (as to their area) decreased parabolically to-
wards the edges of the face.

To illustrate, Fig. 6 shows the distribution of the sur-
face charge in the system for 400 rectangular elements in
every face.
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Fig. 6: Distribution of the surface charge in the system
(the number of elements in every face being 400)

The highest density may really be observed along the
particular edges of both cubes. From the distribution of
charge (on the same grid) we calculated the distribution
of electric field near both cubes. This distribution is de-
picted in Fig. 7.
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Fig. 7: Distribution of electric field near the cubes

Fig. 8 shows the distribution of potential and module
of the electric field strength along the abscissa connecting
points 5 and 6 (see Fig. 5).
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Fig. 8: Distribution of electric field quantities along the
abscissa 56 (Fig. 5)

It can be seen that the module of the electric field
strength at point 6 (left cube in Fig. 5) tends to infinity
that is in full accordance with the physical reality.

Tab. 1 shows the change of several integral quantities

with growing number of elements covering the face.

number of total total total

elements charge | charge | capacitance

inthe face | 0, (pC) | 0, (pC) | € (PF)
36 -122.3 | 122.7 1.225
64 -122.6 | 123.0 1.228
100 -122.7 | 123.1 1.229
144 -122.8 | 123.2 1.230
196 -122.8 | 123.2 1.230
256 -122.9 | 123.2 1.231
324 -122.9 | 123.2 1.231
400 -122.9 1233 1.231

Tab. 1: Convergence of the total charges on both cubes
and the capacitance of the system

The total charges of both cubes O, (left cube) and O,
(right cube) were calculated from (3) with the condition



that the total charge of the system equals zero.
The capacitance C is then calculated as

1
C_§(|Q1|+|Q2|)
(2]
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The table shows that the convergence of the above in-
tegral methods is very fast. The total charges on both

cubes converge to values -1.23-107'% and 1.23-107'° C,

respectively, the capacitance to 1.23- 1072 F.

4 CONCLUSION

The paper (that represents natural continuation of [3])
brings more accurate results due to nonuniform discreti-
zation of the particular faces, better respecting real distri-
bution of the surface electric charge that tends to infinity
along all edges of both cubes. Next work in the field will
be aimed at application of the Galerkin technique (substi-
tution of the electric charge in particular cells by polyno-
mials with suitably selected coefficients) that is assumed
to bring still better results with the same (or even lower)
number of the degrees of freedom.
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