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NONUNIQUENESS OF IMPLICIT LATTICE NAGUMO EQUATION
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Abstract. We consider the implicit discretization of Nagumo equation on finite lattices
and show that its variational formulation corresponds in various parameter settings to
convex, mountain-pass or saddle-point geometries. Consequently, we are able to derive
conditions under which the implicit discretization yields multiple solutions. Interestingly,
for certain parameters we show nonuniqueness for arbitrarily small discretization steps.
Finally, we provide a simple example showing that the nonuniqueness can lead to complex
dynamics in which the number of bounded solutions grows exponentially in time iterations,
which in turn implies infinite number of global trajectories.
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1. INTRODUCTION

In this paper we study existence and (non)uniqueness of solutions to the implicit
discretization of Nagumo reaction-diffusion equation [17]

(1.1) ug(x,t) = dugz(z,t) + rf(u(z,t)), x€R, t>0,

for various values of the diffusion parameter d > 0 and reaction parameter r € R.
The Nagumo equation has obtained lot of attention, especially in the case when
the nonlinear reaction function f yields two stable states, typically a cubic function
f(u) = u(l —u)(u —a), a € (0,1), or f(u) = u(l —u?). In such configuration,
phase plane analysis provides the existence of traveling wave solutions [10] and the
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model has been consequently used in many applications, e.g., in the description of
propagation of genetic traits [4].

Besides the existence of traveling fronts, it has been shown that the Nagumo equa-
tion shows rich behavior with respect to discretization. Spatial discretization of (1.1)
yields the Nagumo lattice differential equation (for simplicity of our presentation, we
consider only unitary discretization steps in the introduction)

(1.2) u;(t) = d(ui_l(t) — Zui(t) + ’U,H_l(f,)) + Tf(ui(t)), 1€/Z,t>0.

Equation (1.2) not only provides an infinite set of equilibria [14] but also the be-
haviour of traveling waves is more complicated. Indeed, it has been shown that for
sufficiently small diffusion 0 < d < 1 the waves connecting the stable states do not
travel, the so-called pinning [15], [29].

Furthermore, there is a natural interest in discrete-space models in many appli-
cations, e.g., in population dynamics [2], and variants of (1.2) have been studied in
higher spatial dimensions to model predator-prey competition [22] and image pro-
cessing [7]. Similarly, problems generalizing the regular discrete structure, lattice, to
general graphs have been considered [24].

Naturally, properties of the fully (and explicitly) discretized equation

(1.3) ul Tt — ol = d(ul — 2ul + ui ) +rf(ui), i€ Z, neNy,

have been studied as well, including the number of equilibria, properties of traveling
waves [5], [6], maximum principles and their dependence on the temporal discretiza-
tion [23], [25].

Moreover, numerical schemes for six numerically stable implicit differentiation
formulas and their influence on existence and uniqueness of traveling waves have
been studied in [13]. Various dynamical properties of abstract implicit difference
equations have also been considered [19].

The main goal of this paper is to fully describe the variational structure of the
implicit problem on the finite lattice and derive nonuniqueness for several parameter
values (motivated by [12], we even briefly consider the problem with negative diffu-
sion d < 0). This finite-dimensional paper follows our infinite-dimensional one [26],
in which we were able to describe the geometry of relevant energy functionals in cer-
tain cases but only conjecture about the nonuniqueness of solutions (the validity of
the Palais-Smale condition remains an open problem and the crucial missing step).

In the case of finite dimensional problem we are not only able to show nonunique-
ness of solutions but also to determine exact values of parameters where the geome-
tries of the corresponding energy functional change (see Fig. 3). Moreover, because
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of the finite dimensional lattice, we are able to illustrate the rich structure of so-
lutions. Namely, the number of solutions grows exponentially in time, which leads
to infinite number of global trajectories. Interestingly, in certain parameter regions,
nonuniqueness is present for arbitrarily small discretization steps.

By considering the variational structure of relevant energy functionals, we can use
standard techniques for coercive functionals, mountain-pass or saddle-point geome-
tries. Consequently, our approach is similar to the ideas used in the area of nonlinear
algebraic and difference equations [16], [11], [18], [27].

The paper is organized as follows. First, in Section 2 we introduce an initial-
boundary value problem for the implicit discretization of Nagumo equation on a fi-
nite lattice and reformulate it as a variational problem. In Section 3 we show the
multiplicity in the bistable case 7 > 0. In Section 4 we then extend it also to the
monostable case with r < 0 where the nonuniqueness arises even more naturally.
In Section 5 we provide a detailed example for a simple configuration to show the
complex dynamics in which the number of bounded solutions grows exponentially
in time iterations. Finally, in Section 6 we extend our ideas to the case of negative
diffusion d < 0.

2. PROBLEM FORMULATION AND PRELIMINARY CONSIDERATIONS

Consider the following initial-boundary value problem for reaction-diffusion partial
differential equation

up(2,t) = dugy(z,t) +rf(u(z,t), =€ (0,0), teR, d>0, reR,

u(z,0) = ¢(z), z € (0,1),
(2.1) N

U(O,t):(), teR(),

u(l,t) =0, t € RY,

for some initial condition ¢ satisfying ¢(0) = ¢(I) = 0. For the sake of brevity we
take into account only the case with the symmetric cubic reaction function f(u) =
u(1l — u?). However, most of our ideas can be applied also to the nonsymmetric
function f(u) = u(1—u)(u—a), a € (0,1), which is prevalent in the above mentioned
papers. Let us emphasize that we consider the reaction parameter r to be both

nonnegative and negative!. If » > 0, the reaction term describes the bistable case?.

! Moreover, in Section 6 we also explore the unusual case of negative diffusion d < 0 (see
e.g. [12]).

2 For the sake of brevity, we include r = 0 to the bistable case because of the geometry of
functionals we consider in this paper. Naturally, the case » = 0 does not correspond to
the bistable case, since the problem (2.1) reduces to a linear equation.
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If r < 0, the reaction function has three zeroes again, however, only the middle one
is stable. We call the situation with negative r the monostable case.
We study the implicit discretization of (2.1) obtained by finite differences

u?“h— ult _ du?_ﬂl - 2"5;1 + uﬁrll i Tu?+1(1 _ (u?+1)2),
i€{1,2,...,N}, n €Ny,
(2.2) I ie€{l,2,...,N},
up =0, n € No,
wyy =0, n € Ny,

in which we denote by u = [/(IN + 1) a spatial discretization step and by h > 0
a temporal discretization step.

The implicit discrete problem (2.2) can be reformulated into an algebraic form.
We introduce the following additional notation. Let L € R¥*Y and S: RNV — RV
be a continuous mapping defined as follows,

2 1 0
1 -2 1 ... 0 0 218:221;2
@3 L=|0 1 -2 0 0|, Sw=| — "
0 0 0 1 -2 un(l = (un)?)

The tridiagonal matrix L is negative definite and has the strictly decreasing sequence
of eigenvalues (see e.g. [1], Section 5.3.3 for a detailed derivation)

(2.4) sz—Z(l—cos ) k=1,2,...,N

)

kr
N+1

with the corresponding system of orthogonal eigenvectors

k 2k Nkrn\T
o o . Tc)7k

(2.5) nk:(sinN+1,sinN+1,...,51nN+1 =12,...,N.

Straightforwardly, we have vy, € (—4,0) for every k =1,2,..., N.

Furthermore, let n € Ng and (u})X' be given and (u?™)N+! unknown. Denote

(26) b=(ufuf, )T, = )T

Under the notation (2.3)—(2.6) and for a fixed (u})Y ' one can rewrite the problem

of finding (u?"’l)i]\g;l satisfying (2.2) into the following fixed-point problem:
hd N

(2.7) u=b+—Lu+hrS(u), ueR".
7
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Thanks to the symmetry of the matrix L one can find the energy functional F':
RY — R associated to (2.7) as

1—hr, hd hr 4
(28) Pu) = S5l = () = () +
N
in which (u,v) = Y w;v; is the scalar product, ||u|2 = /(u,u) is the Euclidean
i=1
norm, and

is the 4-norm in RY.
The following lemma is an immediate consequence of the fact that L, S are con-
tinuous mappings.

Lemma 2.1. The functional F given by (2.8) satisfies F € C*(RY,R). Moreover,
u € RY is a critical point of F (i.e., VF(u) = 0) if and only if it is a solution of (2.7).

Proof. See [26], Lemma 3.1, Lemma 3.5 for a similar proof. O

Lemma 2.2. Let by, by € RY, by = be, and let Fy, I be corresponding functionals
defined by (2.8) with b = by, b = by, respectively. Let u; € RN a critical point of F}
and uy € RN a critical point of Fy. Then uj # us.

Proof. Suppose that u; = us = u. Then

hd hd
VEFi(u)=u—b — ELU —hrS(u) =0=u—by — ELU — hrS(u) = VF3(u),

which implies b; = by, a contradiction. O

In the following sections we study the existence and (non)uniqueness of solutions
of the implicit discrete problem (2.2) applying the above stated reformulation and
the variational analysis of the energy functional F'. We distinguish between two
cases, when the reaction term is bistable (r > 0), and monostable (r < 0).

Nonetheless, before we analyze the geometry of F' in various parameter configura-
tions, let us state one general property. Since the form of the functional F' (2.8) can
be rewritten into

(2.9) Flu) =

hr 4
I— ?L)u,u) — (b,u) + ZHUH‘“
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(I denotes the identity matrix) one can see that the geometry strongly depends on
the definiteness of the matrix

1—hr hd
- Uy

A
2 22

We denote by A\ < A2 < ... < Ay the eigenvalues of A. It can be shown from (2.4)

that the eigenvalues A\g, k =1,2,..., N, form a strictly increasing sequence
1—hr hd

2.10 Ak = - — k=1,2,...,N

( ) k 2 2M2 Vg, 5 &y PR

with the system of eigenvectors ¢y, K = 1,2,..., N, which is completely the same
as (2.5), i.e. ¢p =ni, k=1,2,...,N. We have immediately

L—hr, hd
2 22

(2.11) Ammgg(( ‘Qu#)gAmmﬁ VueRY.

3. BISTABLE REACTION TERM

In this section we consider r > 0, i.e., the reaction term in (2.2) being bistable. The
following lemma summarizes the elementary properties of the functional F' provided
r > 0.

Lemma 3.1. Let r > 0. Then for the functional F given by (2.8) the following
assertions hold:

(i) F is weakly coercive, i.e., F(u) — oo for ||ulj2 — oo,
(if) F is bounded from below,
(iii) F satisfies the Palais-Smale condition:
(PS) Every sequence {u,} C RY such that {F(u,)} C R is bounded and
IV F(uy)|l2 = 0 possesses a convergent subsequence.

Proof. First, since we work in the space RY, we have
1
(3.1) lulla < llull2 < Nt flully VueRY.

To prove (i), let ||ull2 — oo. One can obtain by (2.11), the Cauchy-Schwarz
inequality, and (3.1) that

hr
Fu) = Allull3 = [[bll2]lull2 + EHUH% — 00.
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Indeed, if 7 = 0, then A\; > 0 by (2.10) and |[u||3 > |lul|2 for ||ul|s — co. If r > 0,
then |u||3 > |lul|3 for |lul|2 — oco.

The statements (ii) and (iii) are immediate consequences of the weak coercivity
of F. Indeed, let {u,} C RY be such that F(u,) — —o0o. Then the weak coercivity
of F yields immediately that |lu,|2 is bounded. Since we are in a finite dimension,
there has to be u, — wug (at least for a subsequence). Consequently, F'(u,) —
F(ug) > —oco because F € C'(RY,R), a contradiction. The statement (iii) can be
obtained in a similar way. O

Lemma 3.1 immediately implies the existence of at least one global solution
of (2.2).

Theorem 3.2. Let r > 0. Then the problem (2.2) has at least one solution u
which exists for every (n,i) € Ng x {0,1,2,..., N, N + 1}.

Proof. We proceed via mathematical induction on n € Ng. For n = 0 we have

MNEL be given. Then

n+1)N+1

=0

ug =ud; =0, u) =¢;,i=1,2,...,N. Let n € Ng and (u}
using the variational reformulation from Section 2, there exists a solution (u

at n + 1 if and only if the corresponding v = (u} ™, uy ™, ..., R,'H)

is a critical
point of F. Since F' is bounded from below and satisfies (PS) by Lemma 3.1, it has
at least one critical point which is a global minimizer (see e.g. [21], Theorem 2.7).

Consequently, there exists at least one solution at n + 1. ([

The (non)uniqueness of solutions of (2.2) depends on a specific geometry of the
energy functional F. However, as we mentioned above, the geometry strongly de-
pends on the definiteness of the matrix A = (1 — hr)I — ($hd/p?)L, determined
by the parameters r, d, h, and u. Therefore, we distinguish several cases. First, we
discuss the problem with A being positive (semi)definite.

Theorem 3.3. Let r > 0 and Ay > 0. Then the solution u from Theorem 3.2 is

unique.

Proof. Letn €Ny be given and let (u] )N 1 be uniquely determined. Suppose

that there exist two distinct solutions (u”“)f\f(;l, (vPTHNHL at n4-1. This yields that

3
w= (ufttud ™ and v = (ot ep T ot )T are distinct critical
points of the functional F. However, F is strictly convex due to the assumptions

that » > 0 and A\; > 0. Indeed, F satisfies F' = F| + F5 + F3 in which

1—hr hd . .
Fi(u) = (( 5 I- 2_‘LL2L>U’ u) is convex (strictly convex for Ay > 0),
Fy(u) = —(b,u) is linear and thus convex,

h
F3(u) = IrHuHﬁ is convex (strictly convex for A\; = 0, which implies r > 0).

175



Therefore, F' has a unique critical point which is a global minimizer (see e.g. [9],
Proposition 7.1.8, Theorem 7.2.12), a contradiction. ([

The formula (2.10) and Theorem 3.3 immediately imply the following statement.

Corollary 3.4. Let 0 < r < 1/h—d1/1/u2. Then the solution u from Theorem 3.2
is unique.

We turn our attention now to the case in which A = (1 — hr)I — (1hd/p?)L
is negative definite. In this situation we expect a mountain pass geometry of the
functional F' and thus, more than one critical point of F'.

Before we start this analysis, we introduce some auxiliary notation and consider-
ations. Let g: [R(')|r — R be a real function defined as

(32) g(g) = Qo — nga «, ﬂ > 0.

One can directly show that this function is strictly concave (note that ¢ > 0). It has
two zeroes at o = 0 and o = /a/B. It has a global maximum at g, = y/a/(30)

with g(om) = max g(o) = %om /a/(35), g is strictly increasing on [0, 0.,,], and strictly
L)E[Ro

decreasing on [0,,, 00).
Suppose that Ay < 0 (A = 1(1 — hr)I — ($hd/p?)L is negative definite) which
immediately implies that r > 0.

Lemma 3.5. Let Ay < 0 and |[bl2 < —2An+\/—4An/(3hr). Then the func-
tional F' given by (2.8) has at least three critical points. Moreover, if Ay < —
there exists a critical point up; € RY for which |lun||2 < —2An+/—4An/(3Rr).

3
27

Proof. Let |Jullz2 = o. We obtain the following estimate using (2.11), the
Cauchy-Schwarz inequality, and (3.1):

hr
(3.3) F(u) < Anflullz + [Bllallull2 + - llulz = —e(ae = Bo® = [b]l2),
where « = —Ay > 0 and g = ihr > 0. We want to show that there exists gy > 0
such that F'(u) < 0 for all ||ul]2 = go. According to (3.3) it is sufficient to find gg > 0

such that

(3-4) 9(e0) = ago — Beo > [|b]2.

2 4/\N 2 «
b ——)\ _—— = = _— = m) = R
bl]2 < T ey 304\/35 g(om) ;relgzgg(@)

Since
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putting g9 = o, the inequality (3.4) is satisfied and thus, F'(u) < ”nﬁax F(u) <0
ufl=eo
for all ||ull2 = go-

Consider the functional G = —F. Since G(0) = 0 and G(u) > min G(u) > 0

llull=e0
for ||u|| = go by (3.3) and (3.4), there exists a local minimizer up; of G such that
G(uy) = min G(u) < 0 (G € CYRM,R) and we work in a finite dimension).

llull2<eo
Further, Lemma 3.1 yields that G is bounded from above and satisfies (PS). Thus,

the direct maximization (see e.g. [21], Theorem. 2.7) yields that there exists a global
maximizer ux of G such that G(ux) > 0, i.e. ux # up.

Lemma 3.1 yields also that F' is weakly coercive, which implies that there exists e
such that |le]|2 > 0o and G(e) < G(0) = 0. Again, we have G(u) > min G(u) > 0

llull=eo

for |Jul| = go by (3.3) and (3.4). Therefore, the Mountain Pass Theorem (see [3], or
the survey paper [21], Theorem 2.2) implies that there is a critical point ug of G
such that

(3.5) G(us) = inf nax, G(y(t)) >0,

with T' = {y € C([0,1],R"): 7(0) = 0,7(1) = e}.

We have to additionally discuss the possibility of us = ux. Hence, suppose that
ug = ux. Let 7o be a curve from I" such that ug = ux ¢ ([0, 1]). Since G(ux) =

max G(u), we have G(u) < G(ug) for all u € ([0, 1]). If there is a up € 40([0, 1])
u€RN

such that G(up) = G(ux), it is a second global maximizer of G, i.e., a third critical
point. Otherwise, if G(u) < G(ux) for all u € ~y([0,1]), we obtain a contradiction
with a characterization of ug by (3.5).

Consequently, GG has at least three critical points which are obviously critical points
of F' as well.

Finally, we have ||ups]|2 < 0o. The additional assumption —a = Ay < —% yields
that oo = \/a/(38) < Za\/a/(3B). Hence, we have [un|2 < 00 < 2a/a/(38) =
— 2N/ —4AN/(3hr). O

Now we can apply Lemma 3.5 to prove the following two nonuniqueness results.

Theorem 3.6. Let Ay < 0 and ¢ = (p1,92,...,n)" be such that |¢|2 <
—2An+\/—4AN/(3hr). Then at each time instant n € N there exist at least three
solutions of (2.2) which form trajectories u™, n — oo.

Proof. Let b = ¢. Lemma 3.5 implies that there exist at least three critical
points of F. Hence, there are at least three solutions of (2.2) at n = 1. Please note
that if we put one of these solutions as a new b to continue inductively, it need not

be [|b]l2 < —2An+/—4An/(3hr) and we cannot apply Lemma 3.5 again.
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Analogously as in the proof of Theorem 3.2, F' is bounded from below and satis-
fies (PS) by Lemma 3.1 (independently of the value of ||b||2). This yields that there
is always a global minimizer of F (see e.g. [21], Theorem 2.7 again). This means that
each of those three solutions at n = 1 continues for higher values of n. Moreover,
these three global solutions cannot coincide by Lemma 2.2. ([

Theorem 3.7. Let Ay < —2 and |l¢ll2 < —2An+/—4An/(3hr). Then at each
time instant n € N there are at least 2n + 1 solutions of (2.2) which form trajecto-
ries u™, n — oo.

Proof. We prove the statement by mathematical induction. For n = 1 we ob-
tain as in the proof of Theorem 3.6 at least three solutions of (2.2) which correspond
to critical points ups, ux, ug of F. The assumption Ay < —% implies moreover that

lunllz < —2An/—4AN/(3hr).

Now we prove the induction step. Let n € N be given. Then there exist at least
2n41 solutions of (2.2) at n and one of them, say (@} )Y5!, corresponds to the critical
point uy of F with an appropriate b, and [luas||2 < —3An /—4X\n/(3hr). Redefining
b = @, in which @ = (a},ua},...,u%)", Lemma 3.5 yields that the functional F' has
again three critical points uas, ux, ug with |Juallz < —%AN\/W which
form solutions of (2.2) at n+ 1. Further, the other 2n solutions at n continues by at
least one solution at n 4+ 1 as in the proof of Theorem 3.6 again. Lemma 2.2 yields
that all these solutions cannot coincide. Therefore, we have 3+ 2n = 2(n+1) + 1

solutions of (2.2) at n 4+ 1. The induction step is complete. O

The formula (2.10) in combination with Theorems 3.6 and 3.7 yield the following
statement.

Corollary 3.8. Let r > 1/h — dvx/u? and

1
lell2 < 3—lﬂ(hu2r — 4* + hdvy)

2
hp?r — u? + hdvy).
3@27,( p2r — p? + hdvy)
Then at each time instant n € N there exist at least three solutions of (2.2) which
form trajectories u™, n — oo. Moreover, if r > 4/h — dvx/u?, then at each time
instant n € No there exist at least 2n + 1 solutions of (2.2) which form trajectories
u™, n — oo.

Remark 3.9. We note:

(i) We expect that the number of solutions of (2.2) can depend even exponen-
tially on n in the nonuniqueness case (actually, independently of the sign of ). We
illustrate this phenomenon by a simple example in Section 5.
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(ii) We expect that the number of solutions of (2.2) depends also on the dimension
N, i.e., on the number of points in the spatial lattice. For example, suppose that
p; =0 for all 4 € {1,2,..., N}. Then the solutions at n = 1 correspond to critical
points of F' with b = 0. In this case F' is an even functional and one can apply Clark’s
theorem (see [8], or a survey paper [21], Theorem 9.1) under the assumption that
AN < 0 to prove that F has at least N distinct pairs of critical points. Thus, there
exist at least 2V + 1 solutions at n = 1. However, in this case we cannot proceed by
induction, because we lost the evenness of the functional F' for solutions at n = 2.

At the end of this section we would like to briefly introduce the most complicated
case in which the matrix A = 3(1 — hr)I — (3hd/p?)L is indefinite (or negative
semidefinite).

Lemma 3.10. Let \; < ... < )j < 0 < Ajp1 < ... < Ay. Then there exists
§ > 0 such that for every b € R satisfying ||b||2 < § the functional F' given by (2.8)
has at least three critical points.

Proof. The statement follows from [28], Theorem 1.1. This theorem states the
following. Consider a continuously differentiable functional on a Banach space X
which is bounded from below, satisfies (PS) and the geometrical assumption of the
Saddle Point Theorem (see [20], or the survey paper [21], Theorem 4.6), specifically,
there is X =Y @ Z, with 1 < dimY < oo, such that there exists gy > 0 for which

(3.6) ueYﬂﬁi}ﬁ:go F(u) < iIele F(u).
Then there exists at least three critical points of such a functional.

Lemma 3.1 yields that the functional F' given by (2.8) is bounded from below
and satisfies (PS). Thus, in the rest of the proof we verify the assumption (3.6) for
a suitable choice of Y, Z, and gg.

Define Y = span(¢1, ¢2,...,¢;), and Z = span(d;+1,Pj+2,--.,¢n), where ¢y
denotes an eigenvector corresponding to Ay, i.e., {¢x}~_, forms an orthogonal basis
of RY. Obviously, RN =Y @ Z.

Let u € Z. Since A\, > 0 for k > j + 1, we have

((1 — hrI — ﬂL)u,u) > 0.
2 22
Therefore, we obtain by the Cauchy-Schwarz inequality and (3.1) that for all u € Z

we have

hr
(37) F(u) > = bllallulls + gl
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One can easily verify that

hr oy _ 3y, s Nlbll
min (—[bllag + J570*) = =S lblle* =
Hence, (3.7) yields that
: 3. s Nbllo
f Flu) > —- .
inf Pl) > 3l " =

J
Let u € Y and u = Y ag¢r. Then
k=1

1—hr hd
(( 5 179z ) ) Z/\kak Ajullz
Therefore, for all u € Y,
hr
F(u) < Ajllull3 + [0llallulla + 7 [lullz.

Consequently, to satisfy (3.6) we have to find go > 0 such that

s N|b]l2
hr

hr 3
(3.8) Ajog + ||bllzo0 + — 05 < _ZHb”Q

4
We rewrite the inequality (3.8) into the following form for the variable ¢ > 0:

s N|b]l2

hr 3
(39) Ao+ ot < bl - JIblle” =L

4

One can see that the left-hand side of (3.9) is a function of ¢ > 0 which is independent
of ||b]|2. Since A\; < 0, the left-hand side of (3.9) has a negative global minimum
at some g9 > 0. The value of that negative minimum and the value gg > 0 are

independent of ||b||2 as well. Since the value

s N|b]l2
hr

3
~bllaeo — 3 bl

on the right-hand side of (3.9) converges to zero for ||b]l2 — 0, there has to exist
d > 0 such that for ||b||2 < § we have

s N|b]l2

hr
Ajog + =05 < hr

3
—|Ibllago — 2|lb
1 [16]]200 4|| ll2

Hence, the inequality (3.6) is satisfied for u € Y, ||u|l2 = 0o, and ||b]|2 < 4.
Since all the assumptions of [28], Theorem 1.1 are satisfied, there exist at least

three critical points of the functional F' provided ||b||2 < 4. O
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Theorem 3.11. Let \; < ... < \j <0< Ajpq1 <... <Ay and d > 0 be from
Lemma 3.10. If ||p|l2 < & (||¢||2 is sufficiently small), then at each time instant n € N
there are at least three solutions of (2.2) which form trajectories u™, n — 0.

Proof. The proof can be done in a way similar to the proof of Theorem 3.6
applying Lemma 3.10. (]

Remark 3.12. We cannot show the existence of at least 2n+1 solutions of (2.2)
at time instant n € Ny for the case with an indefinite matrix A = (1 — hr)I —
(3hd/p?)L as in Theorem 3.7. There is no easy a priori bound on the value § and
on the norms of critical points of F'. Thus, we cannot apply mathematical induction
with the saddle geometry of F.

The results of this section and the consequent dependence of the number of solu-
tions on the eigenvalues of the matrix A = (1 —hr)I — (3hd/p?)L and the reaction
parameter r are depicted in Figs. 1 and 3.

>3 (Thm. 3.6)

> 3 (Thm. 3.6)

=1 (Thm. 3.3)
> 3 (Thm. 3.6) ( =1 (Thm 33)

>2n+1 (Thm. 3.7) >3 (Thm. 3.11)

>2n+1 (Thm. 3.7) | >3 (Thm. 3.11)

-3 0 o(A)

Figure 1. Dependence of the number of solutions in the bistable case r > 0 with positive
diffusion based on the spectrum o(A) of the matrix A = %(1 —hr)I — (%hd//ﬂ)L.
The picture depicts various positions of A; (the left end of the region) and Ay
(the right end). A rectangle corresponds to the mountain-pass geometry, a shaded
rectangle to the saddle geometry and the rounded rectangle to the convex geom-
etry.
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4. MONOSTABLE REACTION TERM

In this section we analyze the existence and (non)uniqueness of solutions to (2.2)
assuming that the reaction parameter r is strictly negative and thus, the reaction
term is monostable. Thus, suppose that » < 0 throughout this section.

First, we emphasize that for < 0 we have Ay > 0 by (2.10) for all values of d, h,
and p and thus, A = 1(1— hr)I — (3hd/p?)L is always positively definite. However,
contrary to the bistable case, we have 2hr||u||3 — —oo for |Julz — oo. Consequently,
if the reaction term is monostable, the energy functional F' has a mountain pass
geometry independently of the values of r, d, h, and p and we expect nonuniqueness
whenever r < 0.

Lemma 4.1. Let r < 0. Then for the functional F' given by (2.8) the following
assertions hold:
(i) F(u) = —o0 for |lul2 = oo,
(ii) F is bounded from above,
(iii) F satisfies (PS).

Proof. Analogously as in the proof of Lemma 3.1 it is sufficient to prove (i),
since (ii) and (iii) are its immediate consequences. Therefore, let ||ulls — oo.
By (2.11), the Cauchy-Schwarz inequality, and (3.1) we get

hr
F(u) < A llull3 + [Ibl2llullz + = lluls — —oo,
AN
since r < 0 and ||ul|3 > ||ul|3 for ||ull2 — oc. O

Lemma 4.2. Let r < 0 and ||b||2 < 2A1\/—4A1/(3hr). Then the functional F
given by (2.8) has at least three critical points. Moreover, if A\; > %, there exists

a critical point up; € RN for which |||z < 2A1y/—4A1/(3hr).

Proof. The proof follows steps similar to the proof of Lemma 3.5. Let |Ju|2 = o.
Applying (2.11), the Cauchy-Schwarz inequality, and (3.1), we obtain

hr
(4.1) F(u) = A lullz = [|bll2llwl2 + IIIUIIZ)1 = o(ao — B0” — |b]l2),

in which @« = Ay > 0, 8 = —1hr > 0. Let the function g be defined by (3.2).
We would like to find g9 > 0 such that F(u) > 0 for all ||ulls = 0o. By (4.1)
this is satisfied provided go > 0 is such that g(o0) = ago — Boo > ||bll2. Us-

ing ||bll2 < %)\1\/—4)\1/(3117“) = %a\/a/(i’;ﬁ) = ¢g(om), we put g9 = om- Thus,

F(u)> min F(w) >0 for all ul = oo
uj|=eo

The rest of the proof is similar to the proof of Theorem 3.5 if we interchange the
role of the functional G therein by F. (]

182



>2n+ 1 (Thm. 4.4)

> 3 (Thm. 4.3)

A > 0 by (2.10)

>3 (Thm. 4.3)

> 3 (Thm. 4.3) >2n+1 (Thm. 4.4)

3
0 5 o(A)

Figure 2. Dependence of number of solutions in the monostable case r < 0 with positive
diffusion based on the spectrum o (A) of the matrix A = 1(1—hr)I - (3hd/u?)L.
The picture depicts various positions of A1 (the left end of the region) and Ax (the
right end). Note, that (2.10) implies that the spectrum o(A) is always positive.

The following two theorems are consequences of Lemma 4.2 and can be shown
analogously as Theorems 3.6 and 3.7.

Theorem 4.3. Let r < 0 and |l¢ll2 < 2A1\/—4\1/(3hr). Then at each time
instant n € N there exist at least three solutions of (2.2) which form trajectories u",
n — oo.

Theorem 4.4. Let 7 < 0, Ay > 3, and [|¢[|2 < 2A1y/—4A1/(3hr). Then at each
time instant n € N there exist at least 2n+1 solutions of (2.2) which form trajectories
u™, n — oo.

The formula (2.10), Theorem 4.3, and Theorem 4.4 imply the following statement.

Corollary 4.5. Let r < 0 and

1 2 2
< — —h —hd
lille < 33 (4 = hir — han) - 5

32

(u2 — hp®r — hdvy).

Then at each time instant n € N there are at least three solutions of (2.2) which
form trajectories u™, n — oco. Moreover, if r < —2/h — dul//ﬂ, then at each time

instant n € No there exist at least 2n + 1 solutions of (2.2) which form trajectories
u™, n — oo.
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The results of this section and the consequent dependence of the number of solu-
tions on the eigenvalues of the matrix A = (1 — hr)I — (3hd/p?)L and the reaction
parameter r are depicted in Figs. 2 and 3.

Mountain pass _ Saddle-p(nnt _

>om+1 | 23 =1 >3 23 i zon+1
2 d, 1_d, 1od, 4 d 7
o2t o2t o2 h o2y

Figure 3. Dependendce of the geometry of F' defined in (2.9) and the number of solutions
of (2.7) on the reaction parameter r € R. The picture summarizes the results
from Section 3 (r > 0) and from Section 4 (r < 0) for fixed h, 1, d > 0.

5. DYNAMICS OF ONE POINT PROBLEM

In order to illustrate the rich dynamics of the implicit discretization of lattice
Nagumo equation, we describe in detail the infinite number of bounded trajectories of
a reduced problem. We consider a one-point problem, i.e., the implicit discretization
(2.2) with N =1 and uniform spatial discretization step u = 1,

n+1

uy —uy n+1 n+1 n+142

— = —2dul™ FrulT (1 — (u7T)%), mne Ny,
(5.1) ul =,

ug =0, n € Ny,

ul =0, n € No.

We will explore the dynamics in the parameter region with d > 0 and r < 0 but
similar dynamics could be observed in other parameter regions with the mountain
pass geometry, see Fig. 3.

In each time step n € Ny, the problem (5.1) corresponds to the problem of finding
T = u{”‘l € R which for given b = u} satisfies the equation

T —

h

b_ —2dx +rf(x),
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or, alternatively, z(1+ 2hd) — hrf(z) = b. Our first goal is to describe the properties
of the left-hand side. By rewriting it as a cubic function (see Fig. 4)

(5.2) Y(x) = 2(hra® + 1+ h(2d — 1)),

we obtain trivial observations about its limit behavior and its roots.

Figure 4. Illustration of quantities and functions from Section 5.

Lemma 5.1. Let d > 0 and r < 0. Then the function v defined by (5.2) satisfies:

(1) $(+o0) = Foo,
(2) there exist three solutions of the equation (x) = 0,

1+ h(2d—r)

=0, a2 = +
2 x1,3 hr

Proof. The first statement follows immediately from the fact that hr < 0. The
roots can be obtained by solving the equation ¥(x) = z(hra? + 1 + (2d — r)h) = 0.
Note that x1 3 are well-defined since hr < 0 and 1+ h(2d —r) > 0. O

Similarly, we can easily find the stationary points of the function .

Lemma 5.2. Let d > 0 and r < 0. Then the function v defined by (5.2) has two
stationary points

. 1+h(2d—r) \/T
. =+ —— = = 1\/=-x13.
(5.3) 7] 3 3013
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Proof. Differentiating (5.2), we obtain /() = 3hrz? + 1+ h(2d — r). Setting
¢’(z) = 0 and rearranging the terms, we get (5.3). O

In order to ensure that the solutions of the recurrence equation (5.1) remain
bounded we introduce the quantity Z > 0 such that ¢(x) = —z. Using the defi-
nition of ¢ (5.2), we obtain

(5.4) 7= W

Again, 7 is well-defined, since both —2 — (2d — r)h < 0 and hr < 0.
The key auxiliary statement compares the values of ¢(x7) and Z.

Lemma 5.3. Let d > 0, r < 0, and

- 2
A h>h= .
(4) - 2d —r
Then ¢ (z3) > Z.
Proof. First, we observe that
o 2 (14 h(2d —r))3
w(xl) - 3\/§ hr .

Consequently, we can apply (5.4) to get

(5.5) W) sV -AHhQRI=7)3/(hr) 2 (T4 h(2d—r))?
' T J2-h@d-njr)  3/3 2+h2d-r)
2 (—h(2d—r)— 1)

T3/3  h@d—r)—2

Let us define an auxiliary function w(7) by

(T - 1)3
w(r) = —
Since 1
J(r)y=21-1- T

we observe that w’(7) < 0 for all 7 < 0. Consequently, the function w(7) is strictly
decreasing for 7 < 0. This, in turn, implies that % v/w(7) is also strictly decreasing.
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Let us denote 7 = —h(2d — r), the assumption (A) implies that 7 < —2. Since w(7)
is decreasing for 7 < —2, we have

2 2 2 27
Vo > o D) = T =1

Hence, (5.5) implies that under the assumption (A) the inequality ¢ (z7)/Z > 1 holds,
which completes the proof. O

At this stage we are ready to show the existence of three solutions of the equation

Y(x) = 0.

Theorem 5.4. Let d > 0, r < 0, and let the assumption (A) be satisfied. Then
for each b € [—Z,] there exist three distinct solutions &1, Z2,Zs of the equation
¥(x) = b. Moreover,

T1,%2,T3 € [—i‘,i‘].

Proof. Without loss of generality, we can assume that b > 0. First, note that
Lemma 5.3 implies that ¢ (z7) > Z > b. Therefore, the function (see Fig. 4)

§(x) =(z) —b

attains a positive local maximum at z7 and a negative local minimum at 5. This
implies that there exist three roots of £(z) = 0 and they satisfy Z; € [—Z, 2],
Z9 € [0,27], and Z3 € [z}, x3]. This completes the proof. O

We emphasize that the assumption (A) not only ensures the existence of three
solutions (in fact, this is true for any A > 0) but more importantly the fact that
the three solutions are uniformly bounded by Z. Consequently, we can extend the
trajectories in the following way (see Fig. 5 for its illustration).

Corollary 5.5. Let d > 0, r < 0, ¢1 € [—Z,Z], and let the assumption (A) be
satisfied. Then at each time instant n € Ng there exist 3" solutions of (5.1) which
form trajectories u}, n — oo. Moreover, all the solutions are bounded and satisfy
ul € [—z,7] for all n € Ny.

Proof. Theorem 5.4 implies that for any initial condition @1 € [—Z,Z] there
exist three distinct *ul, k = 1,2, 3, satisfying

¥(u) = ui(l+2dh) + hrf(ug) = o1.
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To each of these three distinct values *u} we can apply Theorem 5.4 to get the

existence of three distinct 7u?, j = 1,2, 3, satisfying

Y(uf) = ui (1 +2dh) + hrf(u) = "uy.
This implies the existence of nine distinct pairs (*u}l,7u?). Straightforwardly, for each
fixed n € N, we obtain the existence of 3" n-tuples (ul,u?,...,u}) which satisfy
IBVP (5.1) and uj* € [-Z,Z], m = 1,2, ...,n. Moreover, Lemma 2.2 implies that 3"
values of u} cannot coincide. The statement of the corollary follows immediately. O

n=20 n=1 n=2 n=3 n=4 n=>5 n==~6

Figure 5. Illustration of Corollary 5.5. The picture shows 35 = 7129 trajectories of the
first 6 iterations of the implicit one-point problem (5.1) with the initial condition
v1 =0.

6. NEGATIVE DIFFUSION

Motivated by [12] we consider here the case with negative diffusion parameter
d < 0. We claim that the reformulation of (2.2) into the algebraic problem (2.7)
with the energy functional (2.8) (or (2.9)) remains the same and Lemmas 2.1 and 2.2
still hold.

We do not present a detailed analysis with all proofs, we focus only on three key
structural differences. First, we will see that the problem (2.2) with d < 0 need not
have a global solution. Second, there exist values of d < 0 for which any r > 0 yields
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nonuniqueness. Finally, in the monostable case r < 0 the problem with negative
diffusion d < 0 can have a unique solution.

Let us observe at the beginning that the definiteness of the matrix (3hd/u?)L
changes for d < 0. It is positive definite contrary to the case with positive diffusion
d > 0. Thus, if we preserve the notation A\; < Ay < ... < Ay as the strictly increasing
sequence of eigenvalues of A = (1 — hr)I — (3hd/p?)L , then (2.10) does not hold.
However, one can show analogously that
_1—hr hd

(61) >\k = 9 —Z—’UQI/NJA,]C, k= 1,2,...,N.

The corresponding system of orthogonal eigenvectors is

(6.2) bk = NMN+1-k
B (sin (N+1-FK)= sin 2(N+1—-Fk)=n Sin]\f(]\f—l—l—k:)rc)T
o N+1 N+1 R N+1 ’

k=1,2,...,N.

We observe the first key difference. One can see that in the case with positive
diffusion, the problem (2.2) has always at least one global solution for all values of
the reaction parameter r € R. That is not true with d < 0. Let us consider the
problem (2.2) with d < 0 and without the reaction term (i.e., assume r = 0). Hence,
we want to analyze the linear implicit discrete problem

TL+1 —un un—i_l — 21[%4‘1 + uT.H_l
Yi Yi _ gzt . L i e{1,2,...,N}, neNg,
h jz
(6.3) u = i, ie{1,2,...,N},
ug =0, n € Ng,
upny1 =0, n € No,

in which d < 0. Again, let n € Ny and (uf)zj\i‘gl be given. The problem to find
a solution (uf ™" )NF1 at n 41 is by (2.7) equivalent to the algebraic equation (using

the notation (2.6))

hd
(6.4) u="b+—

HQLU, or (I—h—ZL)u:b.

I

However, recall that the matrix L is negative definite. Thus, if d < 0, it can happen
that I — ($hd/p?)L (which is in fact the matrix 24 with A = (1 —hr)I — (3hd/p?)L
and r = 0) has a zero eigenvalue. In such a case, i.e., if Ay = 0 or equivalently,
Uni1-k = p?/(hd) for some k = 1,2,..., N, the problem (6.4) has a solution (even
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infinitely many, the solution set is S = ug + podr, p € R, with ug such that (ug, ¢r) =
0) if and only if (b, ¢x) = 0, i.e., b is orthogonal to ¢y (by the Fredholm Alternative,
see e.g. [9], Theorem 1.1.25).

Lemma 6.1. Let d < 0, 7 = 0, and \; = 0 (or equivalently, vn 11— = pu?/(hd))
for some k =1,2,...,N. Then there exists a unique solution u of (2.2) which exists
for every (n,i) € No x {0,1,2,...,N,N + 1} if and only if (¢, ¢r) = 0.

Proof. If there exists a unique global solution of (2.2) with d, r, h, and u
satisfying the assumptions, it is a solution of (6.3). Thus, there has to be a solution
of (6.4) with b = ¢. The Fredholm Alternative (see e.g. [9], Theorem 1.1.25 again)
yields that (¢, ¢) = 0.

Conversely, if (p, ¢r) = 0, then there exists a continuum of solutions of (6.3) at
n = 1 which correspond to the solution set S = ug+por, p € R, of (6.4) with ug such
that (ug, ¢r) = 0. However, only one of the solutions could be extended for higher
values of n, since only b = ug € S satisfies again (¢, ¢r) = 0. One can continue by
induction to obtain the statement. O

Remark 6.2. One can write the condition (¢, ¢r) = 0 thanks to (6.2) as

Z sin ——— N1 -k =0
i N+1 -

Lemma 6.3. Let d < 0, 7 = 0, and )\ # 0 (or equivalently, vn 11—k # p?/(hd))
for all k = 1,2,...,N. Then there exists a unique solution u of (2.2) which exists
for every (n,i) € Ng x {0,1,2,...,N, N + 1} for any ¢.

Proof. Since the matrix 24 = I — (3hd/p?)L is invertible, the linear alge-
braic problem (6.4) has a unique solution. Therefore, at each time instant n € Ny

the uniquely determined (u?)¥#' implies the uniquely determined (uf™!)N{!
satisfying (6.3) (and thus (2.2)) which corresponds to the unique solution ug =
(I — ($hd/p?)L)~1b of (6.4). O

Since the case with » = 0 has been discussed in detail now, we assume that r # 0
(i.e., the reaction term is always present) in the sequel of this section.

We present (without proofs) the existence and (non)uniqueness results for (2.2)
with d < 0 and r > 0. Analogously as for d > 0, we distinguish several cases of
definiteness of A = (1 — hr)I — (3hd/p?)L

Let us start again with the positive (semi)definite matrix A = (1 — hr)l —
(3hd/p?)L

Theorem 6.4. Let d < 0, » > 0, and A; > 0. Then problem (2.2) has a unique
solution u and it exists for every (n,i) € Ng x {0,1,2,..., N, N + 1}.
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The following statement is an immediate consequence of Theorem 6.4 and (6.1).

Corollary 6.5. Let d < 0 and 0 < r < 1/h — dvy/u®. Then problem (2.2) has
a unique solution u and it exists for every (n,i) € Ng x {0,1,2,..., N, N + 1}.

The following two results state the nonuniqueness for (2.2) under the assumption
that A = 1(1—hr)I—(3hd/u?)L is negative definite, or indefinite (including negative
definiteness).

Theorem 6.6. Let d < 0, 7 > 0, Ay < 0, and |l¢[l2 < —2An+/—4AN/(3Rr).
Then at each time instant n € N there exist at least three solutions of (2.2) which
form trajectories u™, n — oo. Moreover, if Ay < —%, then at each time instant n € N
there exist at least 2n + 1 solutions of (2.2) which form trajectories u™, n — co.

Again, the following corollary is an immediate consequence of Theorem 6.6 and
(6.1).

Corollary 6.7. Letd < 0,7 >0, r > 1/h —dv;/u?, and

1
lell2 < 3—u2(hu2r — p® + hdvy)

2
hp2r — p2 + hdvy).
3 huQr( p2r — p? + hdwn)
Then at each time instant n € N there are at least three solutions of (2.2) which
form trajectories u™, n — oo. Moreover, if r = 4/h — dvy/ u?, then at each time
instant n € N there exist at least 2n + 1 solutions of (2.2) which form trajectories
u™, n — oo.

Theorem 6.8. Let d < 0, 7 > 0, and A\; < ... < X; <0< Ajp1 < ... < An.
Then there exists § > 0 such that for every ¢ € RY satisfying ||¢||2 < & there are at
least three solutions of (2.2) at each time instant n € N which form trajectories u™,
n — 00.

Let us emphasize that Theorem 6.4 hides the second key difference from the pos-
itive diffusion case. Let us focus on the analysis for which the values of parameters
A = 3(1 — hr)I — (3hd/p?)L are positive (semi)definite. Since r > 0, then the
eigenvalues of 1(1 — hr)I are at most 3 for all values of 7 > 0. Since ($hd/p?)L is
positively definite, it can happen (contrary to the case of positive diffusion) that for
sufficiently small values of d < 0 (d < 0), we have A = 3(1 — hr)I — (3hd/p?)L is
negative (semi)definite or indefinite for all values of » > 0. Therefore, contrary to
the positive diffusion case (in which for any d > 0 there are values of r > 0 for which
there is a unique global solution of (2.2)), for d < 0 sufficiently small, there are at
least three global solutions to (2.2) for any r > 0.
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At the end of this section we only summarize the results for the remaining case
of (2.2) with negative diffusion d < 0 and monostable reaction term r < 0. The
reader can proceed in the same way to analyze this remaining problem in detail.

Theorem 6.9. Let d < 0, r < 0, and Ay < 0. Then problem (2.2) has a unique
solution u and it exists for every (n,i) € Ng x {0,1,2,..., N, N + 1}.

Corollary 6.10. Let d < 0 and 1/h — dvy/p? < r < 0. Then problem (2.2) has
a unique solution u and it exists for every (n,i) € Ng x {0,1,2,..., N, N + 1}.

Theorem 6.11. Let d < 0, 7 < 0, Ay > 0, and ||¢|]2 < %M\/W- Then
at each time instant n € N there exist at least three solutions of (2.2) which form
trajectories u™, n — co. Moreover, if Ay > %, then at each time instant n € N there
exist at least 2n + 1 solutions of (2.2) which form trajectories u™, n — co.

Corollary 6.12. Let d < 0,r <0, < 1/h — dvy/pu?, and

1
llell2 < ﬁ(/ﬁ — hy’r — hdvy)  —

S (u? — hyp?r — hdvy).

Then at each time instant n € N there exist at least three solutions of (2.2) which
form trajectories u", n — oco. Moreover, if r < —2/h — dvy/u?, then at each time
instant n € N there exist at least 2n + 1 solutions of (2.2) which form trajectories
u™, n — oo.

Theorem 6.13. Let d < 0,7 <0, and A\; < ... < Aj <0< Ajpp < ... < An.
Then there exists § > 0 such that for every ¢ € RY satisfying |¢|2 < & there exist
at least three solutions of (2.2) at each time instant n € N which form trajectories
u™, n — oo.

Consequently, in contrast to the case of positive diffusion d > 0 we can get unique
solutions for the monostable case r < 0 as well.
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