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We consider acoustic waves in fluid-saturated periodic media with large contrasts in the permeability
and other poroelastic coefficients, whereby some of the mesoscopic material parameters depend on
the scale parameter. The effective behaviour is described by a model obtained using the homogenization
of the heterogeneous Biot continuum relevant to the mesoscopic level at which the dual porosity is fea-
tured by low permeability, whereas the primary porosity is very compliant. All material coefficients of
the homogenized model depend on the frequency of incident waves. The macroscopic fields can be
employed to reconstruct solutions at the mesoscopic level relevant to the heterogeneities. To validate
the model, we consider heterogeneous strips with a finite scale lattice defining the heterogeneity. For
such structures, the recovered mesoscopic response computed using the numerical homogenization
method is compared with direct numerical simulations for various contrasts. For media featured by large
contrast the double porosity model provides much better estimates of the wavelengths and other disper-
sion properties than the standard single porosity homogenized model. Moreover, the performed tests
show computational efficiency of the two-scale simulations using the homogenized model, while the
direct simulations of a heterogeneous medium become unfeasible because of requirements on the finite
element discretization.

� 2017 Elsevier Ltd. All rights reserved.
1. Introduction

Numerical simulations of wave propagation in heterogeneous
materials belong to quite challenging issues in mathematical mod-
elling and computational mechanics. On one hand, there are
important applications in civil engineering, biomechanics, material
and environmental sciences, on the other, the numerical methods
and computational tools which are well developed to treat static,
or quasistatic problems become much less efficient and may pro-
vide inaccurate results when employed straightforwardly to simu-
late wave responses of heterogeneous media. A possible remedy is
to use averaging and upscaling techniques which, in principle, lead
to models parameterized by effective material constants describing
macroscopic behaviour of the medium. In the context of fluid sat-
urated poroelastic media (FSPM), although the topic has been stud-
ied over the past decades and several modelling approaches and
particular models have been proposed, the dispersion phe-
nomenon has not been fully understood. The FSPM are constituted
by a solid (elastic) skeleton in which the fluid-saturated pores are
distributed as a connected pore network. The mathematical model
governing the wave propagation in FSPM was first proposed by
Biot [5,6]. The model equations were extended to include the most
general case of anisotropy for a porous elastic solid with particular
emphasis on viscoelasticity properties and relaxation effects [7].
Then the equations of the Biot model have been confirmed by
the homogenization theory which is based on the asymptotic anal-
ysis of the fluid-structure interaction problem at the pore level [9],
see e.g. the book of Auriault et al. [4] emphasizing the mechanical
point of view, or mathematical references Hornung [14], Clopeau
et al. [10], Ferrín and Mikelić [12].

Many natural, as well as artificial porous materials exhibit the
presence of heterogeneity at scales much larger than microstruc-
ture scales, but much smaller than the wavelengths. For modelling
of the wave propagation in such heterogeneous media, continuum
porous model with spatially varying coefficients characterizing the
mesoscopic structure may be used. We remark that homogeniza-
tion of fractured porous media, as treated e.g. in Auriault and Bou-
tin [2], is concerned with a different kind of mesoscopic structures
leading to different models.

Here we report on modelling of the homogenized periodic
mixture of two different porous media situated in two disjoint
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subdomainsXc andXm which are distinguishable at themesoscopic
scale due to large contrasts betweenmaterial coefficients character-
izing theirmechanical properties. To capture the behaviour of such a
FSPM with large contrasts in the permeability and the poroelastic
coefficients at themesoscopic scale, the ‘‘single porosity” typemod-
els [15]may not provide a convenient approximation. In the present
situation, the medium is described by the Biot model which is char-
acterized by large contrasts in material properties of its mesoscopic
constituents periodicallydistributed in the twoporosities, called the
matrix (the ‘‘dual” porosity) and the channels (the ‘‘primary” poros-
ity). We adhere to the ‘‘matrix-channels” decomposition employed
in our preceding publication related to a similar kind of thematerial
with large contrasts, [19], cf. [20]. By virtue of the homogenization,
this contrast is related to the scale parameter which is subject of the
asymptotic analysis, cf. [1]. To explain themotivation for such a scal-
ing, in the matrix, the poroelastic material is much less permeable
than the one in the channels; this assumption leads to the scale-
dependent permeability in the matrix. While the channels are char-
acterized by a large permeability, the solid skeleton is much more
compliant than the one of the matrix, which leads to a reciprocal
scaling of the elasticity in the channels. We analyze numerically
properties of such a material using the homogenized model devel-
oped recently in [20] which is the extension of our previous works
[18,16] related to the rigid double porositymedia. In [16], themodel
of rigid double porous materials was validated using direct numer-
ical finite element simulations as the referencemodel. In particular,
the two-scale solutions obtained using the homogenized model
were compared with those computed using the mesoscopic model
on the periodic heterogeneous structure represented by a finite ele-
ment (FE) mesh generated by copies of the representative cell.

The present paper aims to validate the homogenized model of
the ‘‘large contrast” Biot medium derived using the homogeniza-
tion, see [20]. We explain how the macroscopic fields can be
employed to reconstruct two-scale solutions at the mesocopic level
relevant to the heterogeneities. For this, the characteristic
responses are employed. To validate the model, we consider a
heterogeneous layer of finite thickness with a finite scale lattice
defining the heterogeneity. Assuming an incident plane wave, the
computational domain is restricted to a column representing the
layer. For such a structure, the recovered mesoscopic response
computed using the numerical homogenization method is com-
pared with direct numerical simulations in the heterogeneous
medium. Moreover, in the proposed test, we consider different
compositions of the periodic porous structure characterized by
the contrast between mechanical properties of two different
microporous materials. Besides the double porosity model, also
the above mentioned single porosity model is used to solve the
wave response of the layer, so that responses of the two homoge-
nized models can be compared with the direct simulations for
varying contrast property of the double porosity medium.

1.1. Plan of the paper

In Section 2 we introduce problem formulations for the wave
propagation problem in the Biot medium relevant to the meso-
scopic scale of the heterogeneity. The homogenized model of the
double porosity medium is reported in Section 3, where formula-
tions of the local problems for the so-called characteristic
responses of the representative volume element (RVE) and formu-
lae for the effective medium parameters are given. The two-scale
reconstruction of the macroscopic solutions of the homogenized
problem is described in Section 4. In Section 5, the validation tests
are reported; for a given frequency of an incident wave, we com-
pute responses of the heterogeneous media for several combina-
tions of different microporous material, whereby solutions of the
double and single porosity models are compared with solutions
of the reference model. The results are discussed in the context
of the material contrast. In Appendix A, the single porosity model
is briefly presented to make the paper self-consistent.

1.2. Notation

In the paper, the mathematical models are formulated in a
Cartesian framework of referenceRðO; e1; e2; e3Þwhere O is the ori-
gin of the space and ðe1; e2; e3Þ is a orthonormal basis for this space.
The coordinates of a point M are specified by x ¼ ðx1; x2; x3Þ in R.
The usual boldface notation for vectors a ¼ ðaiÞ ¼ ða1; a2; a3Þ and
second-order tensors b ¼ ðbijÞ is used. The gradient and divergence
operators are respectively denoted by r and r�. When these oper-
ators have a subscript which is space variable, it is for indicating
that the operator acts relatively at this space variable, for instance
rx ¼ ð@ x

i Þ. The symbol dot ‘�’ denotes the scalar product between
two vectors and the symbol colon ‘:’ stands for scalar (inner) pro-
duct of two second-order tensors. Standard notations for func-
tional spaces are adhered. Throughout the paper, x denotes the
global (‘‘macroscopic”) coordinate, while the ‘‘local” coordinate y
describes the position within the representative unit cell Y � R3

where R is the set of real numbers.

2. Waves propagating fluid saturated porous media

We consider the monochromatic wave propagation in a fluid-
saturated porous medium (FSPM) which is described at a scale
where individual fluid-filled pores are not distinguishable so that
at any point of the bulk material both the solid and fluid phases
are present according to the volume fraction.

2.1. The Biot model

The model of wave propagation in the FSPM proposed by Biot
[5,6] provides the basis for our mathematical treatment of the dou-
ble porosity media. For a given angular frequency x, the ampli-
tudes of displacement u, fluid pressure p and seepage velocity w

satisfy the following system of equations (where i2 ¼ �1),

�r � ½DeðuÞ � ap� �x2�quþ ixq fw ¼ 0;

�x2q fuþ g½kðxÞ��1wþrp ¼ 0;

ixa : eðuÞ þ r �wþ ix
l

p ¼ 0;

ð2:1Þ

consisting of the momentum Eq. (2.1)1, the generalized Darcy law
(2.1)2, and the fluid volume conservation (2.1)3. We introduce the
notation: eðuÞ is the small strain tensor, D is the skeleton elasticity
tensor, tensor a is the Biot’s coefficient of the effective stress, 1=l is
the Biot’s compressibility coefficient, �q ¼ qsð1� /0Þ þ /0q f is the
local mean density given by the reference volume fraction /0 of
the fluid contents in the microporosity, the fluid density q f , and
by the solid phase densityqs.

In [17,3,16], it has been shown that within the low frequency

bands, the viscodynamic operator g½kðxÞ��1, where g is the fluid
dynamic viscosity, can be expressed using the intrinsic static per-
meability K and density q which takes into account the tortuosity
effects related to the kinetic energy, so that,

1
g
kðxÞ ¼ ixqþ ½K ��1

� ��1
¼: HðxÞ; ð2:2Þ

where HðxÞ is called the dynamic permeability. Both q and K are
real-valued second-order tensors independent of the frequency. In
isotropic media, q ¼ Iq f a1=/0, where a1 is the tortuosity parame-
ter. For higher x, the decomposed form (2.2) provides merely an
approximation, however, in this study we merit rather situations
corresponding to the low frequency waves. Although, due to the
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large contrast in the elasticity coefficients, at the mesoscopic level
of the heterogeneity, higher mode oscillations appear in the softer
part, these modes are still associated with the monochromatic
low frequency excitation. In this context, the high frequency treat-
ment of the heterogeneous media proposed in [11] should not be
confused with the approach reported here.

2.2. Problem formulation for heterogeneous media

Weconsider the systemofEq. (2.1) indomainXand theboundary
conditions (BCs) on @X. We consider the boundary decomposition
@X ¼ @pX [ @wX, where @pX \ @wX ¼ £ and another decomposition
@X ¼ @uX [ @rX, where @uX \ @rX ¼ £. The following BCs can be
prescribed, in general (for a fixed real frequencyx 2 R),

u ¼ �u on @uX; r � n ¼ g on @rX;

p ¼ �p on @pX; w � n ¼ 0 on @wX;
ð2:3Þ

However, in what follows, for simplicity, we shall consider a special
situation of undrained poroelastic material loaded by traction forces
g and subject to a kinematic loading by �u on the nonempty part
@uX–£, whereas @pX ¼ £.

The boundary value problem can be reformulated in a weak
sense using Sobolev spaces on X. For this, we shall need the follow-
ing spaces,

H1
0=ðXÞ :¼ fv 2 H1ðXÞ j u ¼ 0 on @uXg; ð2:4Þ

H0ðdiv;XÞ :¼ fv 2 L2ðXÞ j r �w 2 L2ðXÞ; w � n ¼ 0 on @Xg;
ð2:5Þ

where the boldface notation is used for spaces of vectorial func-
tions: H1ðXÞ is associated with the Sobolev space W1;2ðXÞ and
L2ðXÞ is associated with the Lebesgue space L2ðXÞ, see e.g. [8]. By
H1

�uðXÞ � H1ðXÞ we denote the set formed by functions satisfying

the boundary condition for u, see (2.3)1, thus H1
�uðXÞ ¼ H1

0=ðXÞ þ �u
(in the sense of an extension of �u to X).

Weak formulation
The system (2.1) and (2.3) gives rise to the variational formula-

tion of the wave propagation problem: Find ðu;w; pÞ 2 H1
�uðXÞ�

H0ðdiv;XÞ � H1ðXÞ, which satisfy,Z
X
ð�x2�quþ ixq fwÞ � v þ

Z
X
½DeðuÞ � p a� : eðvÞ ¼

Z
@rX

g � v;Z
X
ð�x2q fuþ ixqwÞ � wþ

Z
X
½K�1w� � wþ

Z
X
w � rp ¼ 0;

ix
Z
X
q a : eðuÞ þ

Z
X
qr �wþ ix

Z
X

1
l
pq ¼ 0; ð2:6Þ

for all ðv ;w; qÞ 2 H1
0=ðXÞ � L2ðXÞ � L2ðXÞ. This three field formula-

tion can be converted into a two field formulation in ðu; pÞ. From
(2.6)2 we get w ¼ �HðxÞðrp�x2q fuÞ for a.a. x 2 X. On substitut-
ing w in the other two equations and assuming more regularity of
the test pressure q 2 H1ðXÞ, obvious integration by parts leads to
the following problem for ðu;pÞ 2 H1

�uðXÞ � H1ðXÞ satisfying,

�x2
Z
X

�qI þ ixðq f Þ2HðxÞ
� �

u � v þ
Z
X
½DeðuÞ � p a� : eðvÞ

� ix
Z
X
q fHðxÞrp � v ¼

Z
@rX

g � v;

ix
Z
X
q a : eðuÞ �x2

Z
X
q fHðxÞu � rqþ

Z
X
HðxÞrp � rq

þ ix
Z
X

1
l
pq ¼ 0;

ð2:7Þ

for all ðv; qÞ 2 H1
0=ðXÞ � H1ðXÞ.
3. Homogenized model of the double porosity medium

Since our aim in this paper is to validate the two-scale homog-
enized model derived in [20], we shall only introduce the resulting
equations and problems to be solved in practical simulations.
Moreover, we introduce a displacement-velocity formulation for
the macroscopic model, which is convenient to solve numerically
the wave propagation problem. In this section, we explain how
the assumed heterogeneity representing the double porosity mate-
rial is respected in the context of the asymptotic analysis – this is
important for understanding the modelling background of numer-
ical simulations reported in Section 5. Then we introduce the for-
mal asymptotic expansions of the three fields involved in (2.6)
and define the so-called local problems for characteristic responses
of the representative volume element (RVE). Solutions to these prob-
lems are used to compute the homogenized coefficients involved in
the macroscopic problem which is presented here in both the weak
and strong formulation.

3.1. Heterogeneity at the mesoscopic level

There are typically two characteristic lengths: ‘ describes the
heterogeneity size and L is the relevant macroscopic size. The
ration e ¼ ‘=L is called the scale parameter. For the ‘‘real size”
RVE Ze � R3, we introduce its rescaled copy Y ¼ e�1Ze which is

called the rescaled elementary cell Y defined by Y ¼ Q3
i¼k�0; ak½;

typically jYj ¼ 1, see Fig. 1. The medium is generated by copies of
Ze ¼ eY as a periodic lattice, so that eak is the lattice period in
the k-the coordinate direction. For any given e > 0 we define meso-
scopic (zoomed) coordinates y ¼ ðykÞ 2 Y which for a given
‘‘macroscopic” position x are given by the localization function
Y : x # y defined by: yk ¼ YkðxÞ ¼ xk � eakint xk=ðeakÞf gð Þ=e for
k ¼ 1;2;3, where int zf g denotes the integer part of z.

The heterogeneity is described at the mesoscopic scale. The cell
Y is decomposed into two disjoint parts Yc and Ym, thus,
Yc ¼ Y n Ym, corresponding to the two periodically distributed
microporosities which are called the channels and the matrix,
respectively. As announced in the introduction, both these subdo-
mains are occupied by the Biot continua, however, they have very
different mechanical properties. To take into account large con-
trasts in the permeability and poroelastic coefficients, aeðxÞ;DeðxÞ
and KeðxÞ are defined with respect to the position in the matrix
and the channel compartments. The following ‘‘scaling ansatz” is
considered in the asymptotic analysis of the double porosity
medium:

DeðxÞ ¼ vmðyÞDmðyÞ þ e2vcðyÞ bDcðyÞ;
aeðxÞ ¼ vmðyÞamðyÞ þ evcðyÞacðyÞ;
KeðxÞ ¼ e2vmðyÞbKmðyÞ þ vcðyÞKcðyÞ;

ð3:1Þ

where vd are the characteristic functions of Yd;d ¼ m; c. The other
material parameters are expected to attain similar values in both
the subdomains, so that,

�qe ¼ vmðyÞ�qmðyÞ þ vcðyÞ�qcðyÞ;
qe ¼ vmðyÞqmðyÞ þ vcðyÞqcðyÞ;
le ¼ vmðyÞlmðyÞ þ vcðyÞlcðyÞ:

ð3:2Þ

Above the rescaled permeability bKm ¼ Kphys
m =e2 in the matrix part is

obtained using the physical permeability Kphys
m , so that bKm can be

computed for a given scale e > 0, when treating a real porous med-

ium. In analogy, the rescaled elasticity bDc and stress coupling
coefficients ac can be introduced for given real materials. By virtue
of the scaling (3.1), since the elasticity of the upscaled medium
depends on the harder phase situated in the matrix Xm, while the



Fig. 1. A RVE with orthogonal connected microstructures. The matrix occupying Ym represents the dual porosity, the channels form the 3D cross, domain Yc .
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permeability is inherited form the one of the channel part Xc , it is
important that both these components form connected domains.
Let us note that in [19], we treated quasistatic loading of similar
double porosity media without contrast in the poroelasticity coeffi-
cients, so that Xm could be constituted by periodically distributed
inclusions, cf. [13].

In the asymptotic analysis reported in [20], the scaling
employed in (3.1) introduces internal characteristic lengths which
are preserved when passing to the limit with e! 0. For modelling
real existing materials, the model obtained by homogenization of
the porous medium with the heterogeneities according to (3.1)
must be interpreted for a fixed scale parameter e0 > 0, whereby
the following two conditions must be satisfied:

1. The characteristic size ‘ of the heterogeneities, i.e. the dimen-
sions of the representative cell Ze0 must be much smaller than
a characteristic macroscopic length L which can be related to
the dimensions of a bounded domain X, or to the macroscopic
wavelength characterizing the material. This gives the ‘‘real
scale parameter” e0 ¼ ‘=L.

2. For a real structure, the material contrast of the components
must correspond to the ansatz (3.1) interpreted with the given
small e0 � 1. Thus, the real material elasticity in Yc must be
much smaller than the one in Ym and in analogy for the other
material parameters.

When these two conditions are verified by the real structure of

interest, for given physical parameters Kphys
m , Dphys

c and aphys
c , the ref-

erence parameters denoted by b� are computed using e0, as follows:bKm ¼ Kphys
m =e20, bDc ¼ Dphys

c =e20, and bac ¼ aphys
c =e0.

We shall discus these important scaling and contrast aspects in
Section 5.

3.2. Formal asymptotic expansions

The macroscopic model has been obtained rigorously using the
two-scale convergence method based on the periodic unfolding,
see [20,21] for details. Alternatively the formal homogenization
approach based on the asymptotic expansion can be used. For this,
the convergence result can be interpreted in the sense of the so-
called recovery sequences which yield the following first order
approximations of the three fields involved in the model:
ueðxÞ ¼ u0ðxÞ þ vcðyÞûðx; yÞ þ evmðyÞu1ðx; yÞ;
weðxÞ ¼ vcðyÞ ~wðx; yÞ þ evmðyÞŵðx; yÞ;
peðxÞ ¼ p0ðxÞ þ evcðyÞp1ðx; yÞ þ vmðyÞp̂ðx; yÞ:

ð3:3Þ

The macroscopic discharge is given as the mean of ~wðx; yÞ,

w0ðxÞ ¼
Z
Yc

~wðx; yÞdy: ð3:4Þ

All the two-scale functions of the form f ðx; yÞ are Y-periodic in y.
Moreover, functions û and p̂marked by hat ^ vanish on the interface
C between the two porosities. Therefore, in the variational formula-
tions, the following function spaces are employed, whereby #

denotes the Y-periodicity of functions,

H1
#;0ðYcÞ ¼ fv 2 H1

#ðYcÞ j v ¼ 0 on Cg;
H1

0;#ðYmÞ ¼ fq 2 H1
#ðYmÞ j q ¼ 0 on Cg:

ð3:5Þ

In (3.3), it should be noted that the expansion for we at the lead-
ing order term ~w is a two-scale function. This is also the case in the
single porosity media, see Proposition 4.1 in [15]. As for ŵ, there is
no explicit condition for ŵ on C, while ~w � n ¼ 0 on C. It can be seen
that this result is independent of the deformation phenomenon
and, thus, Theorem 3.2 of [18] applies. A rigorous justification of
the truncated expansions (3.3) is reported in [21].

In what follows, we assume a given frequency x, correspond-
ing to the imposed incident waves, and use the abbreviation
k ¼ ix. By virtue of the problem linearity and assumed periodicity
of the heterogeneous medium, any such f ðx; yÞ can be represented
in the decomposed form using the so-called characteristic
response functions depending on variable y and using the macro-
scopic functions depending on x only. Therefore, we consider the
two scale functions defined in the matrix part written in the fol-
lowing form:

u1 ¼ kxkle x
klðu0Þ þ kxPp0;

ŵ ¼ kv̂kle x
klðu0Þ þ kv̂Pp0;

p̂ ¼ kp̂kle x
klðu0Þ þ kp̂Pp0;

ð3:6Þ

where all x�, v̂� and p̂� are Y-periodic functions of y 2 Ym. In anal-
ogy, the two scale functions defined in the channel part can be
decomposed, as follows:
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û ¼ kx̂k k2u0
k

� �þ kx̂Pp0 þ kx̂rP;k@ x
k p

0;

p1 ¼ kpk k2u0
k

� �þ kpPp0 þ kprP;k@ x
k p

0;

~w ¼ kvk k2u0
k

� �þ kvPp0 þ kvrP;k@ x
k p

0;

ð3:7Þ

where all x̂�, v� and p� are Y-periodic functions of y 2 Yc . In the
next section, we present the local problems for computing all the
characteristic responses x, v and p involved in (3.6) and (3.7).

3.3. Characteristic responses of the mesoscopic RVE

The responses of the mesoscopic RVE are needed not only to
compute the effective medium properties which constitute the
macroscopic model of the homogenized medium, but also for
reconstruction of the two-scale fields introduced in (3.3) approxi-
mating the response of the heterogeneous periodic structure char-
acterized by a given scale parameter e0 > 0. We define the
following spaces

Am ¼ H1
#ðYmÞ � L2

#ðYmÞ � H1
0;#ðYmÞ;

Ac ¼ H1
#0ðYcÞ � L2

#ðYcÞ � H1
#ðYcÞ;

and employ bilinear forms which are now introduced. In domain
Ym, we shall need

am u; vð Þ ¼
Z
Ym

DmeyðuÞ : eyðvÞ; bm p; vð Þ ¼
Z
Ym

am : eyðvÞp;

dm p; qð Þ ¼
Z
Ym

1
lm

pq; cm w; zð Þ ¼
Z
Ym

cKm
�1w � z;

ð3:8Þ
whereas in Yc , we shall use

ac u; vð Þ ¼
Z
Yc

cDc eyðuÞ : eyðvÞ; bc p; vð Þ ¼
Z
Yc

cac : eyðvÞp;

cc w; zð Þ ¼
Z
Yc

K�1
c w � z: ð3:9Þ

The characteristic responses x�, v̂� and p̂� defined in Ym are
solutions of local problems which have the following generic form:

Find ðx; v̂; p̂Þ 2 Am, such that

am x; vð Þ � bm p̂; vð Þ ¼ �1
k
f mðvÞ;

ẑ; ryp̂
� �

Ym
þ cm v̂; ẑð Þ ¼ 0;

kbm q̂; xð Þ � v̂; ryq̂
� �

Ym
þ kdm p̂; q̂ð Þ ¼ �hmðq̂Þ;

ð3:10Þ

for all ðv ; ẑ; q̂Þ 2 Am, where f m and hm designate a generic form of the
right hand side terms of the above problems, see the following table:
Corrector functions:
 Functional f mðvÞ
 Functional hmðq̂Þ

ðxkl; v̂kl; p̂klÞ
 am Pkl; v

� �

bm q̂; Pkl

� �

ðxP; v̂P; p̂PÞ
 �bm 1; vð Þ
 dm 1; q̂ð Þ
We recall that both p̂kl and p̂P vanish on the interface C.
In the channel part Yc , the characteristic responses x̂�, v� and p�

satisfy the following generic form of the local problems:
Find ðx̂;v;pÞ 2 Ac , such that

ac x̂; v̂ð Þ þ k2 �qcx̂; v̂h iYc
þ k q fv; v̂

� �
Yc

¼ �1
k
f cðv̂Þ;

k2 q f x̂; w
� �

Yc
þ k qv; wh iYc

þ cc v; wð Þ þ ryp; w
� �

Yc
¼ �1

k
gcðwÞ;

v; ryq
� �

Yc
¼ 0;

ð3:11Þ
for all ðv̂ ;w; qÞ 2 Ac , where f c and gc designate a generic form of the
right hand side terms of the above problems, see the following table,
where 1k is the unit vector of the k-th coordinate direction, ð1kÞi ¼ dik.
Corrector functions:
 Functional f cðv̂Þ
 Functional gcðwÞ

ðx̂k;vk;pkÞ
 �qc1k; v̂h iYc
 q f1k; w

� �
Yc
ðx̂P ;vP;pPÞ
 �bc 1; v̂ð Þ
 0
ðx̂rP;k;vrP;kÞ
 0
 1k; wh iYc
We recall that, in this case, all x̂k; x̂P and x̂rP;k vanish on the
interface C.

Instead of mixed formulations (3.10) and (3.11), reduced formu-

lations can be considered. From (3.10)2, we express v̂ ¼ �cKmryp̂,
which substituted in the other two equalities yields a problem
for ðx; p̂Þ satisfying,

am x; vð Þ � bm p̂; vð Þ ¼ �1
k
f mðv̂Þ;

kbm q̂; xð Þ þ cKmryp̂; ryq̂
D E

Ym

þ kdm p̂; q̂ð Þ ¼ �hmðq̂Þ;
ð3:12Þ

for all ðv ; q̂Þ 2 H1
#ðYmÞ � H1

0;#ðYmÞ. In analogy, from (3.11)2, upon
introducing the mesoscale dynamic permeability HðkÞ ¼ ½kqþ
K�1

c ��1, we express v ¼ �HðkÞðrypþ k2q f x̂þ k�1gcÞ, where gc is the
functional representation associated with gcð�Þ, i.e. gcðwÞ ¼ gc; wh iYc

.
Then, v substituted in the other two equalities yields a problem for
ðx̂;pÞ satisfying,

ac x̂; v̂ð Þ þ k2 ½�qc � kðq f Þ2HðkÞ�x̂; v̂
D E

Yc

� k2 q f HðkÞryp; v̂
� �

Yc

¼ 1
k

q f HðkÞgc; v̂
� �

Yc
� f cðv̂Þ

� �
;

k2 q f HðkÞx̂; ryq
� �

Yc
þ HðkÞryp; ryq
� �

Yc
¼ �1

k
HðkÞgc; ryq
� �

Yc
;

ð3:13Þ
for all ðv̂; qÞ 2 H1

#0ðYcÞ � H1
#ðYcÞ.

The form of these two local problems (3.12) and (3.13) reveal
qualitative differences of the structure response in the two subdo-
mains Ym and Yc , representing the dual and the primary porosities.
While in Ym, the porous medium responses in a regime of
quasistatic loading without any inertia effects, these are fully
involved in responses of the ‘‘softer” material in Ym, where the
dynamic permeability governs the fluid-structure interaction.

3.4. Macroscopic model

Using the classical procedure of the scale separation, the macro-
scopic equations of the homogenized model are obtained along
with the homogenized coefficients which are expressed in terms
of the characteristic responses. When boundary tractions are pre-
scribed on @rX, see (2.3), the limit surface forces gm correspond
to the forces acting on the matrix phase, i.e. the stiffer part of the
double porous medium which is distributed with a surface volume
fraction �/m on @X. The weak formulation of the macroscopic prob-
lem reads, as follows: Find u0 2 H1

�uðXÞ and p0 2 H1
0ðXÞ such that

�x2
Z
X
Mu0 � v0 þ

Z
X

a eðu0Þ � p0B
� �

: eðv0Þ

þ ix
Z
X

Cp0 � ixq fKrp0� � � v0 ¼
Z
@rX

/mg
m � v;Z

X
ixq0B : eðu0Þ �x2

Z
X
u0 � q fKrq0 � Cq0� �

þ
Z
X
ðKrp0Þ � rq0 þ ix

Z
X
Hp0q0 ¼ 0;

ð3:14Þ
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for all v0 2 H1
0=ðXÞ and q0 2 H1

0ðXÞ. Above, the homogenized coeffi-
cients which express the effectivemedium properties, are computed
using solutions of local problems (3.10) and (3.11). The poroelastic
coefficients include: a ¼ ðDijklÞ – the effective elasticity of the
drained medium, B ¼ ðBijÞ – the Biot stress coupling coefficients,
and H – the Biot compressibility; the following expressions can be
derived,

Dijkl ¼ �x2am xkl þ 1
ix

Pkl; xij þ 1
ix

Pij

� 	
þ ixcm v̂ij; v̂kl

� �
�x2dm p̂ij; p̂kl

� �
;

Bij ¼ bm 1; Pij
� �þ ixbm p̂P ; Pij

� �� ixam xP; Pij
� �

;

H ¼
Z
Y
l�1 þ ix

Z
Ym

l�1
m p̂P þ bm 1; xP

� �þ bc 1; x̂P
� �� 	

:

ð3:15Þ

The effective dynamic permeability K ¼ ðKijÞ and other coefficients
related to inertia effects are computed, as follows,

Kij ¼ i
x

Z
Yc

vrP;j
i ¼ Kji;

N ij ¼
Z
Yc

�qcx̂ j
i ;

Mij ¼
Z
Y

�qdij þ ðixÞ3N ij � ixðq f Þ2Kij;

Ck ¼ �x2
Z
Yc

�qcx̂P
k ¼ x2bc 1; x̂k

� �
:

ð3:16Þ

It is worth noting, that and B depend on the response of the
matrix part, i.e. the double porosity represented by Ym, while the
coefficients in (3.16) are determined by the response in the chan-
nels represented by Yc .

3.5. Formulation in ðu;wÞ

From (3.14), we can derive the strong formulation which allows
us to reformulate the macroscopic model in terms of the couple
ðu;wÞ rather than ðu;rpÞ. Thereby we obtain the macroscopic
model defined in the form coherent with the original Biot’s formu-
lation of the wave propagation in the porous media. Upon integrat-
ing by parts in (3.14), these variational equalities yield the
following equations to be satisfied in X,

�x2Mu0 �r � ða eðu0Þ �Bp0Þ � ixq fKrp0 þ ixCp0 ¼ 0;

B : ixeðu0Þ þx2q fr � ðKu0Þ þx2C � u0 �r � ðKrp0Þ þ ixHp0 ¼ 0;

ð3:17Þ
and the boundary conditions

u0 ¼ �u on @uX;

r0 � n ¼ �/mgm on @rX;

w0 � n ¼ 0 on @X;

ð3:18Þ

where r0 is the stress and w0 is the macroscopic seepage velocity
which can be expressed exclusively in terms of the macroscopic
permeability,

r0 ¼ a eðu0Þ �Bp0;

w0 ¼ �K rp0 �x2q f u0� �
:

ð3:19Þ

By virtue of these macroscopic constitutive equations and using the
effective density tensor

R ¼ I
Z
Y

�qþ ðixÞ3N ; ð3:20Þ

(3.17) can be rewritten, as follows:

�x2Ru0 þ ixq f w0 þ ixCp0 �r � r0 ¼ 0;
ixB : eðu0Þ þ r �w0 þ ixHp0 þx2C � u0 ¼ 0:

ð3:21Þ
We shall consider (3.21)1 and (3.19)2 in a weak sense; due to the
boundary conditions (3.18), obvious integration by parts yields:Z

X
�x2Ru0 þ ixq f w0 þ ixCp0� � � v þ

Z
X
r0 : eðvÞ ¼

Z
@rX

�/mgm � v ;Z
X
p0r � wþ

Z
X
x2q f u0 � w�

Z
X
w � K�1w0 ¼ 0;

ð3:22Þ
for all ðv;wÞ 2 H1

0=ðXÞ �H0ðdiv;XÞ.
The next step is to express the fluid pressure involved in (3.19)

in terms of ðu0;w0Þ; thus, using (3.21)2 we get

p0 ¼ �ðixHÞ�1 ixB : eðu0Þ þ r �w0 þx2C � u0� �
;

r0 ¼ ða þH�1B	BÞeðu0Þ � ixH�1BðC � u0Þ
þ H�1ðixÞ�1r �w0B;

r0 : eðvÞ þ ixp0C � v ¼ eðvÞ : ða þH�1B	BÞeðu0Þ
�x2H�1C 	 C : u0 	 v

� ixH�1 ðC � u0ÞB : eðvÞ þ v � CB : eðu0Þ� �
þ ðixÞ�1r �w0H�1ðB : eðvÞ � ixC � vÞ:

ð3:23Þ

To simplify the notation, we introduce the following tensors
G ¼ ðGkijÞ, a U ¼ ðDU

ijklÞ,

a U ¼ a þH�1B	B; G ¼ C 	B: ð3:24Þ
It is worth to note, that a U depends on x mainly due to the sen-
sitivity of B on x, while is almost insensitive.

The macroscopic problem (3.14) can now be reformulated: Find
ðu0;w0Þ 2 H1

�uðXÞ �H0ðdiv;XÞ, such that,

�x2
R
X v � RþH�1C 	 C� �

u0 þ ix
R
X q

f w0 � v
�ix

R
X u0 � G : eðvÞ þ v � G : eðu0Þ� �þ R

X½a Ueðu0Þ� : eðvÞ
þ R

X ðixÞ�1r �w0H�1ðB : eðvÞ � ixC � vÞ ¼ R
@rX

�/mgm � v ;R
X r � wH�1 ixC � u0 �B : eðu0Þ � ðixÞ�1r �w0

� �
� R

X w � K�1w0 �x2q f u0
� � ¼ 0;

ð3:25Þ

for all ðv;wÞ 2 H1
0=ðXÞ �H0ðdiv;XÞ.

Let us now consider a special case when C ¼ 0, which arises for
any mesoscopic structure with constant Biot coefficients in the
channel part Yc of the double porous structure, see [20]. Then
(3.25) simplifies due to many vanishing terms. The differential
form of (3.25) consists of the two differential equations satisfied
in X,

�x2Ru0 þ ixq f w0 �r � ½a Ueðu0Þ þ ðixÞ�1r �w0H�1B� ¼ 0;

�r H�1B : eðu0Þ þ ðixÞ�1H�1r �w0
� �

�x2q f u0 þK�1w0 ¼ 0;

ð3:26Þ
and taking into account the boundary conditions (3.18).

4. Reconstruction of the mesoscopic fields

In this section we provide formulae which enable to reconstruct
displacement, pressure and velocity fields at the level of the
heterogeneities. This procedure is affected by a given finite scale
e0 > 0.

4.1. Folding procedure

The two-scale field reconstruction is based on the coordinate
split related to the periodic lattice. For e0 > 0, using the rescaled
cell Ze0 we introduce its local copies ZK;e0 labeled by index K
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whereby f�xKgK is the set of centers of each ZK;e0 . For the sake of
simplicity, we consider only such domains X which are generated
as a union of non overlapping RVEs ZK;e0 , thus (recall that Z is the
closure of Z)

X ¼ [K2Ne0
X
ZK;e0 ; ZK;e0 ¼ Ze0 þ nK ; ð4:1Þ

where Ne0
X is the set of indices K associated to the lattice vector

k ¼ ðkiÞ 2 Z3 such that nK ¼ e0kiai, recalling the definition
Y ¼ Q

i�0; ai½ and jY j ¼ 1.

For any global position x 2 ZK;e0 , the local ‘‘mesoscopic”
coordinate

y ¼ ðx� �xKÞ=e0; ð4:2Þ
can be introduced, such that y 2 Y . Then any two-scale function
f ðx; yÞ can be evaluated by combining themacroscopic response rep-
resented by ðu0ðxÞ;p0ðxÞÞwith x 2 X in our case, and by the local ‘‘au-
tonomous” characteristic responses. The folding procedure can be
summarized, as follows: for each ‘‘real sized” cell YK;e0 with its center
�xK evaluate the local responses given below as two-scale functions
f ðx; yÞ, where x 2 ZK;e0 and y 2 Y is given, as described above.

4.2. Recovery of the local responses

The homogenization result yields the following recovery formu-
lae for the displacements, pressure and velocity fields. These are
expressed as two-scale functions f ðx; yÞ at the global level for
x 2 X, and y 2 Y is obtained by (4.2).

In what follows we use the simplified notation: k ¼ ix, wherex
is the angular frequency of the incident waves, and e :¼ e0, the
given fixed scale parameter.

� Reconstruction in the subdomain Ym: As the consequence of (3.6)
and due to (3.3), the following formulae are obtained which
describe the mesoscopic fields for x 2 YK;e0

m , i.e. at the level of
the heterogeneity in the ‘‘dual porosity” part:
ueðxÞ ¼ u0ðxÞ þ eu1ðx; yÞ
¼ u0ðxÞ þ ekxklðyÞex

klðu0ðxÞÞ þ ekxPðyÞp0ðxÞ;
weðxÞ ¼ eŵðx; yÞ ¼ ek v̂klðyÞex

klðu0ðxÞÞ þ v̂PðyÞp0ðxÞ� �
;

peðxÞ ¼ p0ðxÞ þ p̂ðx; yÞ ¼ ð1þ kp̂PðyÞÞp0ðxÞ þ kp̂klðyÞex
klðu0ðxÞÞ:

ð4:3Þ
� Reconstruction in the subdomain Yc:
As the consequence of (3.7) and due to (3.3), the following
formulae are obtained which describe the mesoscopic fields
for x 2 YK;e0

c , i.e. at the level of the heterogeneity in the ‘‘pri-
mary porosity” part:

ueðxÞ¼u0ðxÞþ ûðx;yÞ
¼ 1þk3x̂kðyÞ
� �

u0ðxÞþk x̂PðyÞp0ðxÞþx̂rP;kðyÞ@ x
kp

0ðxÞ� �
;

weðxÞ¼wðx;yÞ¼k vkðyÞk2u0
kðxÞþvPðyÞp0ðxÞþvrP;kðyÞ@ x

kp
0ðxÞ

� �
;

peðxÞ¼p0ðxÞþep1ðx;yÞ
¼ 1þekpPðyÞp0ðxÞ� �þke pkðyÞk2u0

kðxÞþprP;kðyÞ@ x
kp

0ðxÞ
� �

:

ð4:4Þ
It is worth noting that p1 and thereby the corrector functions
pP ;prP;k, and pk are not needed to compute the effective proper-
ties of the homogenized medium, as pointed out in paper [20].
However, the fluctuations represented by the two-scale function
p1ðx; yÞ are involved when reconstructing the solutions for a
given e0.
Remark 1 Using the RVE Ze0 instead of the unit cell Y for computing
the characteristic responses. In practical computations, the real
sized cell Ze0 can be used to solve the local problems (3.10) and
(3.11), and to compute the homogenized coefficients, however,
the following rules must be respected:

(i) The physical material properties (the coefficients Kphys
m ;Dphys

c

and aphys
c ) are plugged into the bilinear forms cm �; �ð Þ; ac �; �ð Þ

and bc �; �ð Þ to replace the rescaled coefficients cKm ; cDc , and cac .
(ii) The characteristic responses computed for such modified

problems are different from those computed in the rescaled
cell Y, thus according to (3.10) and (3.11). Nevertheless, the
correct homogenized coefficients are computed with such
modified characteristic responses using the expressions
(3.15) and (3.16), where the physical material properties
are employed, as in the local problems, and Y is replaced

by Ze0 , however multiplication by jZe0 j�1 must be applied
in all the expressions which are presented for the unit cell,
jY j ¼ 1.

Then, the reconstruction of the solutions with the characteristic
responses computed on Ze0 is done formally according to (4.3) and
(4.4), where in all expressions we put e ¼ 1.

The above assertions can easily be seen by a simple rescaling,
i.e. using x ¼ e0ywhen transforming all expressions form domain Y
to Ze0 . It also clarifies the role of the scaling ansatz in the
asymptotic behaviour of the ‘‘large contrast” materials: by a
proper scaling of the material parameters, an internal scale is
introduced which is retained in the limit as e tends to 0.

5. Numerical tests

In this section, we study how the approximation quality of the
homogenized model is influenced by the material contrast. The
aim is twofold. First we illustrate how the macroscopic solution
reconstruction enables to capture some local effects related to
the wave propagation at the mesoscopic scale, where the strong
heterogeneity is introduced in the periodic material coefficients.
Second, while changing the material contrast in the sense of the
scaling ansatz (3.1), but modified according to (5.1), as explained
below, we compare responses of three models:

1. The model of the heterogeneous FSPM generated as the periodic
medium with a given fixed size of the heterogeneity period ‘0
and constituted by two different materials. The solutions are
obtained using the finite element (FE) method upon discretiza-
tion of the weak formulations.

2. The double porosity homogenized model (3.17) with the
homogenized coefficients computed by (3.15) and (3.16).

3. The single porosity homogenized model derived in [15], where
the equations are also given by (3.17), but the homogenized
coefficients are computed by using the formulae reported in
Appendix A, see (7.6).
5.1. Heterogeneity and material properties

We consider a periodically heterogeneous material with the
characteristic size ‘0 ¼ e0L, where L is a given macroscopic length
which can be related to the macroscopic wavelength of propagat-
ing waves. Let us consider a reference isotropic poroelastic mate-
rial described in terms of the mesoscopic mechanical properties
introduced in Table 1. The following parameters are defined by
piecewise constant functions,



Table 1
The reference izotropic poroelastic material properties employed to define the heterogeneous medium, see eq. (5.1). Note bq ¼ I/�1

0 q f a1 and D̂ ¼ ðD̂ijklÞ is fully determined bybD1111 and bD1212.

/0 qs q f bD1111
bD1212

ba ¼ âI l̂ K̂ ¼ ĵI a1
(–) (kg/m3) (kg/m3) (GPa) (GPa) (–) (GPa) (m2/(Pa s�1)) (–)

0.3 2650 1000 16.92 7.7 0.825 7.473 1� 10�9 1
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�qe0ðxÞ ¼ �q; De
0ðxÞ ¼ vmðyÞ bD þ r2ðe0ÞvcðyÞ bD;

qe0ðxÞ ¼ bq; ae0ðxÞ ¼ vmðyÞba þ rðe0ÞvcðyÞba;
le0 ðxÞ ¼ bl; Ke

0ðxÞ ¼ r2ðe0ÞvmðyÞbK þ vcðyÞbK ;
ð5:1Þ

where y 2 Y is associated to a macroscopic coordinate x by the for-
mula (4.2) and by rðe0Þ we denote the contrast between the corre-
sponding material properties in the two phases. The densities �q andbq are given by �q ¼ ð1� /0Þqs þ /0q f and bq ¼ I/�1

0 q f a1, respec-
tively. Although the homogenized model of the double porosity
medium is derived for e ! 0 using rðeÞ ¼ e, see (3.1), the obtained
‘‘limit model” can be interpreted independently of e0. In principle,
if a ‘‘large contrast” – the double porosity (DP) medium is consid-
ered, the material properties should be such that,

(i) the parameter r is small enough,
(ii) the scale e0 ¼ ‘0=L is small enough.

By the ‘‘low contrast” – single porosity (SP) medium, we mean
such a FSPM, where the contrast parameter is closed to one, thus
r 
 1. For this situation, the homogenized model was derived in
[15] with material properties being independent of e, so in (3.1)
one puts e ¼ 1. It is worth to note that, if one material is used for
both components of the medium represented by subdomains Ym

and Yc , of the unit cell, thus for r ¼ 1 in (5.1), the homogeneous
medium is recovered by the single porosity (SP) model. The DP
model cannot describe such a situation, since the model systemat-
ically ‘‘neglects” the elasticity of the channels and the permeability
of the matrix parts independently of r. Therefore, if r 
 1, it pro-
vides an extremely poor approximation of the real material
behaviour.

It this study, we confine to low frequency bands (up to

 104 rad/s), so that no correction of the static permeability with
respect to the frequency is needed. With this restriction and by vir-
tue of the considered type of the material heterogeneity (the same
Fig. 2. (a) A 1/4 part of the REV with orthogonal connected microstructures. This part is u
positions of the three lines cc , cm and ~c along which the displacement amplitudes u1 ar
fluid, microscopic volume fractions, and tortuosities in both the
subdomains) the density bq is homogeneous at the mesoscopic
level, as defined above.

5.2. Geometry and FE models

Domain X has the form of a bar generated according to (4.1),
where nK ¼ ðnK1 ;0;0Þ and nK1 ¼ Ke0a1, K ¼ 0; . . . ;49, thus, using 50
copies of the RVE Ze0 illustrated in Figs. 2(a) and 3. While both the
microporosities are characterized by the porosity /0 ¼ 0:3 describ-
ing the 30% fraction of the fluid, the mesoscopic volume fraction is
jYcj=jYj ¼ 0:5. The RVE is formed as a parallelepiped (a rectangular
cuboid), with dimensions 0:01� 0:001� 0:01 m, so that
a1 ¼ a3 ¼ 1, a2 ¼ 0:1, whereby e0 ¼ 0:02, see Section 3.1. Therefore,
‘0 ¼ 0:01 m,which yields the relevantmacroscopic length L ¼ 0:5 m
denoting the ‘‘length” of the column X. In the context of the wave
propagation problem, the macroscopic wavelength K should be in
the range of L, but in any case such that K > 10‘0 ¼ 10e0L. We
remark, that the cell Y, i.e. the rescaled RVE, has non-unit volume,
so that jY j–1. As the consequence, in definitions of the homogenized
coefficients, all integrals over Ym, or Yc must be understood in the

sense of the volume average jYj�1 R
Yd
, d ¼ m; c.

The FE method was used to compute numerical solutions for all
three problems involved in our study. The FE mesh of X is obvi-
ously generated using the mesh of the RVE Ze0 . Since the model
equations of the heterogeneous medium and both the homoge-
nized media retain the same structures, see (3.26), the FE (macro-
scopic) models are derived from the weak formulation (3.25),
whereby the following modifications are made:

� The heterogeneous medium. The material parameters are defined
in Ze0 according to (5.1). In (3.26),R is substituted by �qI, tensors
a ;B, and K are substituted by D;a, and K , thus the following
replacements are used:
sed in the numerical models. (b) A part of the macroscopic specimen Xwith marked
e displayed.
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a U :¼ Dþ la	 a; K�1 :¼ ixqþ K�1:

� The simple porosity medium (SP model). In (3.26),
replacements of the corresponding coefficients defined in
Appendix A are obvious.

In a more general situations, although coefficients C and G are
involved in the double porosity model, see (3.25), their analogs
exist neither in the SP model, nor in the model of the heteroge-
neous medium.

5.3. Boundary conditions

The boundary @X is decomposed into the disjoint parts C0;CL

and @SX, such that @SX ¼ @X n ðC0 [ CLÞ, where
C0 ¼ fx 2 @X : x1 ¼ 0g and CL ¼ fx 2 @X : x1 ¼ Lg. We apply
boundary conditions to simulate a plane wave propagating in the
direction e1 in an infinite medium situated in the half-space
x1 > 0. Therefore, on C0, the displacements normal to the surface
are prescribed, i.e. u � njC0

¼ �U being a given scalar constant. If this
condition is applied on the boundary of a homogeneous medium,
the wave response must be independent of the two transverse
coordinates x2 and x3. In our special periodic heterogeneous med-
ium, due to the symmetry of the geometry, the considered isotro-
pic mesoscopic material distributed using a characteristic
functions vd; d ¼ m; c, see (5.1), and due to the imposed incident
plane wave represented by �U, the wave response is symmetric with
respect to the planes of symmetries. Therefore, the following
boundary conditions are applied:

u � n ¼ �U on C0;

u � n ¼ 0 on @SX [ CL;

r : n	 t ¼ 0 on @X;

w � n ¼ 0 on @X;

ð5:2Þ

where n is the unit normal vector outward to X, while t is any unit
tangent vector of the surface. Moreover, due to the above men-
tioned symmetry of the RVE with respect to the three orthogonal
planes aligned with the coordinates, the computational model can
be created with only 1/4 of the domain, see Fig. 2(a).

5.4. Influence of the contrast parameter r

Since the aim of the presented work is to validate the two-scale
model of the homogenized FSPM featured by the large contrast, the
numerical tests were motivated by two questions:

1. What is the sufficient contrast r0 < 1, such that for r < r0 the
double porosity model approximates the heterogeneous med-
ium better, than the single porosity (low contrast) model?

2. How the reconstructed solution, as described in Section 4, can
approximate the local effects which can be observed at the level
of heterogeneities?

To reply on these questions, for a fixed frequency
x ¼ 5� 104 rad/s, a number of simulations have to be done while
changing the contrast r, thereby the material properties of the two
microporous materials according to (5.1). It is to be remarked, that
r is changed without modifying the heterogeneity size, i.e. e0 is
fixed, while the model convergence is related to sequences of solu-
tions parameterized by e, so that simultaneously r � e ! 0. As the
result, internal lengths are introduced in the limit model: one
related to the flows in the dual porosity Ym, the other related to
the characteristic wavelength of the very compliant poroelastic
material in channel Yc. In our test, however, these internal lengths
change with r.
In the computations, we considered contrast
r 2 f1;0:1;0:01;0:0032g. The choice of r ¼ 0:0032 was a compro-
mise between the desired value 0:001 and limitations of the
numerical solutions requiring very fine meshes to resolve the ‘‘di-
rect” problem described by the RM model in the entire domain X,
see Fig. 3 (bottom). For the contrast r ¼ 0:1, the number of DOFs
was 2,345,004, while for contrast r 6 0:01, the number of DOFs
was 13,425,882, thus, reaching our limits concerning the computa-
tional power available. It is worth to emphasize, that the DP and SP
models of the homogenized medium require a fine mesh to dis-
cretize the RVE, while relatively rough discretization is sufficient
to discretize the macroscopic domain X.

The results are reported in Figs. 4–13, where we adhere the fol-
lowing style. The coordinate x1 2 ½0; 0:5�m spans the whole length
L ¼ 0:5 m of the specimen consisting of 50 copies of the RVE. In all
figures we display three solutions of the displacement field,
namely the u1 component, obtained by the three models: FE model
of the heterogeneous medium, or ‘‘the reference medium model”
(RM), a model of the single porosity (SP) medium, and a model of
the double porosity (DP) medium. For the SP and DP models, the
macroscopic response u0

1 is displayed. Moreover, for the DP model
which is in our focus, the reconstructed response ue01 defined
according to (4.3) and (4.4) is depicted. The curves are traced along
three different lines, all aligned with the e1 axis, see Fig. 1(b). Line
cm passes through the dual porosity (the matrix) only, line cc
passes through the primary porosity (the channels) only, whereas
line ~c passes through both the phases (the channels and the
matrix).

As expected, the DP model provides a good approximation of
the RM solutions for small values of r, i.e. when the contrast is rel-
atively large, while the SP model is suitable for media, where the
two materials are comparable. We shall now discus the particular
cases of r. By the macroscopic wavelength we mean the length of
waves u1ðx1; x0Þ on interval x1 2�0; L½ for a given transverse position
x0 ¼ ðx2; x3Þ computed for the imposed frequencyx and the bound-
ary conditions, i.e. u1ð0; x0Þ ¼ 1 and u1ðL; x0Þ ¼ 0. The transverse
position x0 corresponds to one of the three lines cc; cm, or ~c. There-
fore, in figures, we use notation u1ðxÞ; x 2 c to refer to the trace of
u1 on the particular line. By ucr

1 ðxÞ ¼ ue01 ðxÞ we shall refer to the
reconstructed displacement response of the DP model, see Eqs.
(4.3) and (4.4) and Remark 1.

Homogeneous material, r ¼ 1, see Fig. 4. The SP homogenized
model describes also the homogeneous medium, thus, the solu-
tions of the RM and SP models are identical. In principle, the DP
model cannot describe a homogeneous medium and, thus, pro-
vides a completely wrong response. Since the DP model under-
estimates the elasticity and the permeability, the imposed
frequency x induces higher modes than for the real material
which is stiffer, so that x corresponds to lower modes.
Very weak contrast, r ¼ 0:1, see Figs. 5–7. In general, the SP
model solution matches very well with the RM solution. In par-
ticular, both the wavelength and the amplitude are captured. It
can be noticed, that the local undulations captured by the RM
solutions are negligible (no corrector-based reconstruction
was applied for the SP model). The DP model still underesti-
mates the elasticity of the weak material phase in the channels,
i.e. on cc , see Fig. 6, therefore the local undulations captured by
the reconstructed solution ucr

1 ðxÞ; x 2 cc are remarkable. Note
that for the RM and SP models, there is not much difference
between the responses on cc and cm.
Moderate contrast, r ¼ 0:01, see Figs. 8–10. In the stiffer part, i.e.
on cm, the three models are comparable, although the wave-
length of the RM response is better approximated by the SP
model, see Fig. 10. However, the reconstructed solution ucr

1 of



Fig. 4. Solutions of u1ðxÞ; x 2 c, in a homogeneous domain; the SP model matches
perfectly with the RM model. The coordinate x1 2 ½0;0:5�m spans the whole length
L ¼ 0:5 m of the specimen consisting of 50 copies of the RVE, see Section 5.2.

Fig. 3. A section of X generated as a periodic structure consisting of 50 RVEs (top). Distribution of the displacement component u1ðxÞ for x 2 X, as computed by the RMmodel
(bottom); the color-bar represents the values in meters. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this
article.)
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the DP model captures the local undulations; it is worth to note,
that the amplitudes on cc are about four times higher that those
on ~c. There is also a remarkable attenuation of the propagating
waves in the weaker material; for the DP model, the amplitudes
u1ðxÞ are getting smaller with increasing distance x1 2�0; L½.
Large contrast, r ¼ 0:0032, see Figs. 11–13. This contrast is
already sufficient to show, that the DP model gives a very good
approximation of the reference solution computed using the
RMmodel, although for the latter, the numerical approximation
becomes an issue, perhaps even more refined mesh would be
needed to respect higher modes propagating in the soft mate-
rial. Nevertheless, the SP model fails totally to provide a reason-
able estimation of the macroscopic wavelength. Both the DP
and RM models indicate attenuation effects in the sense
explained above. These are associated with the flows in the dual
porosity, i.e. in the matrix part, so that they are visible not only
in Figs. 11 and 12, but also on responses of the stiffer phase, the
lines cm, see Fig. 13.

In a summary, the reported tests demonstrate usefulness of the
DP model. It appears that for the contrast r 
 0:003 or smaller, the
DPmodels describes correctly important features of the propagating
waves, namely the wavelength; while the solution using the SP
model indicate the wavelength KSPM 
 0:22 m almost indepen-
dently of the contrast parameter (but for r 6 0:1), the wavelength

KDPM estimated using the DP model varies; while Kr¼0:1
DPM 
 0:214 m

for r ¼ 0:1, it increases with r ! 0, so that Kr¼0:0032
DPM 
 0:4 m. As an

important aspect, correcting the macroscopic response of the DP
model using the procedure described in Section 4 is an indispens-
able part of the computation, as can be see in Figs. 8 and 9 and
Figs. 11 and 12. Finally, comparing the wavelengths K 2�0:2;0:4½m
with the heterogeneity size ‘0 ¼ 0:01 m, we obtain an estimate of
the scale parameter e0, thus e0 
 ‘0=maxfKg ¼ 0:01=0:4 ¼ 0:025.
On one hand, by virtue of the scaling ansatz (3.1) employed in the
asymptotic analysis, see this estimate reveals that the minimum
feasible contrast should be r < 0:025. On the other hand, we
observed, that the contrast should be much higher, thus r < 0:003
to have a good approximation.

6. Conclusion

We discussed computational modelling of waves propagating in
a double porous fluid-saturated medium. The macroscopic



Fig. 5. Solutions of the three models for contrast r ¼ 0:1, displayed curves u1ðxÞ; x 2 ~c. Solution obtained for the DP model without the reconstruction (left) and corrected
solution ucr

1 obtained by the DP model with reconstruction (right).

Fig. 6. Solutions of the three models for contrast r ¼ 0:1, displayed curves u1ðxÞ; x 2 cc . Solution obtained for the DP model without the reconstruction (left) and corrected
solution ucr

1 obtained by the DP model with reconstruction (right).

Fig. 7. Solutions of the three models for contrast r ¼ 0:1, displayed curves u1ðxÞ, x 2 cm. Solution obtained for the DP model without the reconstruction (left) and corrected
solution ucr

1 obtained by the DP model with reconstruction (right).

E. Rohan et al. / Computers and Structures 232 (2020) 105849 11
effective model of this double porosity (DP) medium was derived
by the homogenization with the large contrast ansatz which mod-
ifies the homogenization result, see [20], when compared with the
single-porosity (SP) model of the same type of the medium, but
without the scaling ansatz, see Mielke and Rohan [15]. In the DP
model, all the effective material properties depend on the fre-
quency of incident waves and a new vectorial coefficient appears
which is involved in the stress coupling operator.
The homogenized properties are evaluated using characteristic
responses of the representative elementary volume. These
responses are governed by local problems which for the DP model
have more complex structures than those involved in the SP model.
In particular, the deformation phenomena are involved in the local
problem determining the dynamic permeability of the DP model.

In this paper, we aimed to validate the DP model and com-
pare it with the SP model which is intended for moderately



Fig. 8. Solutions of the three models for contrast r ¼ 0:01, displayed curves u1ðxÞ, x 2 ~c. Solution obtained for the DP model without the reconstruction (left) and corrected
solution ucr

1 obtained by the DP model with reconstruction (right).

Fig. 9. Solutions of the three models for contrast r ¼ 0:01, displayed curves u1ðxÞ, x 2 cc . Solution obtained for the DP model without the reconstruction (left) and corrected
solution ucr

1 obtained by the DP model with reconstruction (right).

Fig. 10. Solutions of the three models for contrast r ¼ 0:01, displayed curves u1ðxÞ, x 2 cm . Solution obtained for the DP model without the reconstruction (left) and corrected
solution ucr

1 obtained by the DP model with reconstruction (right).
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heterogeneous porous media. As a reference model (RM), we
employed the heterogeneous medium described at the ‘‘meso-
scopic level” using the Biot model and discretized using the
finite element method (FEM). The performed numerical tests
demonstrate that for large contrast, the DP model with the two-
scale reconstruction of the mesoscopic fields provides a very good
approximation of the direct simulations, while the SP homogenized
model fails.



Fig. 11. Solutions of the three models for contrast r ¼ 0:0032, displayed curves u1ðxÞ, x 2 ~c. Solution obtained for the DP model without the reconstruction (left) and corrected
solution ucr

1 obtained by the DP model with reconstruction (right).

Fig. 13. Solutions of the three models for contrast r ¼ 0:0032, displayed curves u1ðxÞ, x 2 cm . Solution obtained for the DP model without the reconstruction (left) and
corrected solution ucr

1 obtained by the DP model with reconstruction (right).

Fig. 12. Solutions of the three models for contrast r ¼ 0:0032, displayed curves u1ðxÞ, x 2 cc . Solution obtained for the DP model without the reconstruction (left) and
corrected solution ucr

1 obtained by the DP model with reconstruction (right).
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Especially when solving the wave propagation problem, both
the DP and SP models are useful due to much lower computational
requirements than those of the FEMmodels of a heterogeneous, i.e.
a non-homogenized medium, which typically lead to a killing com-
plexity even for relatively simple geometries. Moreover, whereas
full 3D direct simulations are out reach, the homogenized models
provide suitable approximations. In this respect, the choice of
one of the models depends on the contrast property of the hetero-
geneous medium. As pointed out above, the reconstruction of
macroscopic responses of the DP model are needed, as amplitudes
of the ‘‘fluctuations” may be larger than amplitudes of the macro-
scopic solution. We recall that all the presented study is related to
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the low frequency regime, i.e. the macroscopic wave lengths are
significantly larger than the characteristic heterogeneity size. The
above mentioned fluctuations are generated by the soft parts of
the so-called channels and should not be confused with oscillations
observed at the heterogeneity level but induced by high frequency
modes, cf. [11]. Our test was limited by the computational power
required to solve the direct problem. Similar test should be done
for more complex heterogeneous structures and other types of
incident waves. Computational accuracy of obtained RM solutions
should be verified, however, since the solutions of the RM model
may be polluted by numerical errors. Our future research is tar-
geted to explore dispersion properties of the double porosity media
described using the presented DP model.
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Appendix A. The single porosity model

The homogenized model of the single porosity FSPM was devel-
oped in [15]. Here we present the formulations of the local prob-
lems solved in the representative cell Y. It should be noted, that
no decomposition of Y applies in this case, since there is no large
contrast in material parameter distribution at the mesoscale.

A.1. Local problems for the characteristic responses

In analogy with (4.3), (4.4), (3.6), and (3.7), the following anal-
ogous formulae hold:

ueðxÞ ¼ u0ðxÞ þ eu1ðx; yÞ
¼ u0ðxÞ þ e½xklðyÞex

klðu0ðxÞÞ þxPðyÞp0ðxÞ�;
weðxÞ ¼ kvkðyÞ k2u0

kðxÞ þ @ x
k p

0ðxÞ� �
;

peðxÞ ¼ p0ðxÞ þ ep1ðx; yÞ
¼ p0ðxÞ þ kepkðyÞ k2u0

kðxÞ þ @ x
k p

0ðxÞ� �
:

ð7:1Þ

The characteristic response functions satisfy three local problems:

1. Find xkl 2 H1
#ðYÞ, such that for k ¼ 1;2;3,
aY xkl; v
� � ¼ �aY Pkl; v

� � 8v 2 H1
#ðYÞ: ð7:2Þ

The symmetry of xij ¼ xji is obvious, recalling Pij
k ¼ yjdik.

2. Find xP 2 H1
#ðYÞ, such that
aY xP; v
� � ¼ bY 1; vð Þ 8v 2 H1

#ðYÞ: ð7:3Þ

3. Given a real frequency x > 0, find ðv;pÞ 2 L2ðYÞ � H1
#ðYÞ

such that for k ¼ 1;2;3,

ix qvk; w
� �

Y þ cY v; wð Þ þ rypk; w
� �

Y

¼ i
x

1k; wh iY ; vk; ryq
� �

Y

ð7:4Þ

for all ðw; qÞ 2 L2ðYÞ � H1
#ðYÞ. Using the dynamic

permeability HðxÞ ¼ ðixqþ K�1Þ�1
and the substitution of
vk ¼ �HðxÞryðpk � i
x ykÞ into the second equality, the reduced

problem for pk 2 H1
#ðYÞ can be solved:

HðxÞryðpk � i
x

ykÞ; ryq

 �

Yc

¼ 0 8q 2 H1
#ðYÞ: ð7:5Þ

Using the characteristic responses we can compute the homog-
enized permeability and the poroelastic coefficients:

KS
klðxÞ¼�ix

Z
Y
vk
l

¼�x2 HðxÞryðpk� i
x
ykÞ;ryðpl� i

x
ylÞ


 �
Y

¼KlkðxÞ;
MS

klðxÞ¼
Z
Y

�qdkl� ixðq f Þ2KklðxÞ;

DS
ijkl ¼ aY xklþPkl;xijþPij

� �
;

BS
ij ¼ bY 1;Pij� �� ixaY xP ;Pkl� �

;

HS ¼
Z
Y
l�1:

ð7:6Þ

The simple porosity homogenized porous medium is governed
by Eqs. (3.17), where the above coefficients are substituted and
C ¼ 0.
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