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Abstract

Thermodynamic properties of supercooled water are often used in many atmospheric

applications. Clouds are often composed from deeply supercooled water. Supercooled

water can also occur on some of our neighboring planets. Properties of supercooled

water play an important role in aqueous solutions. Knowledge of behavior of aqueous

solutions below 0 ◦C is important for deep ocean science, underwater communication

and navigation. Supercooled water is of great importance for biological systems.

Four scenarios can be described to explain behavior of supercooled water: retracing

spinodal, singularity free, critical point and critical point free scenarios. Mainly the

second critical point scenario is discussed in the thesis, because a lot of work was

made recently in this particular area. It is shown that the complete scaling method

can describe existing experimental data both in the linear scaling equation and in

the mean-field approximation. One of the models was tested by the author in the

mean-field approximation. A modification of the IAPWS vapor pressure equation was

developed to describe vapor pressure data from 123 K to 647 K. A possible existence

of the second inflection point in the temperature dependence of the surface tension is

discussed and a new term to IAPWS equation for surface tension is added to describe

behavior of surface tension from 228 K to 647 K. The influence of the new calculated

and measured values of critical exponents on the linearity of a parametric equation

was tested and the necessity of linearity tests when new values of exponents are used

is identified.
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Introduction

The thermodynamic properties of ordinary water exhibit anomalous behavior upon

supercooling. A variety of explanations for the anomalous thermodynamic behavior

of supercooled water has been suggested. In this thesis we considered the existence

of a liquid-liquid critical point and its possible effects on the temperature dependence

of the thermodynamic properties of water - the heat capacity, the isothermal com-

pressibility, and the thermal expansivity of supercooled water.

The following goals of this thesis were established:

- to test possibilities of describing supercooled water experimental data using the

complete scaling method and the mean-field approximation

- to analyze experimental data for the surface tension of supercooled water and to

test the possibility of the existence of the second inflection point in the temperature

surface tension dependence.

This thesis is divided into nine chapters. Chapter 1 explains conditions of the ther-

modynamics stability, a concept of metastable liquids, describes thermodynamic and

kinetic limits for liquid water, existing experimental data, and leading theories for

anomalous behavior of supercooled water. Chapter 2 introduces a critical point the-

ory. Chapter 3 describes the parametric scaled equation of state for supercooled liquid

water and the influence of critical exponents values on the linearity of the model.

1
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Chapter 4 covers a simple, revised and complete scaling method and summarizes the

scaled equation of state developed by Fuentevilla and Anisimov. Chapter 5 describes

the vapor pressure of supercooled water in the temperature interval from 123 K to

647 K. A deriving this equation for vapor pressure is based on the crossover equation.

These results we published in the International Journal of Thermophysics in 2010.

Experimental data of the surface tension of supercooled water are analyzed in Chap-

ter 6. The paper with these results has been submitted in the International Journal

of Thermophysics and is under review. Chapter 7 contains a recent development of

the scaled equation of supercooled water based on the linear model. The mean-field

approximation of the scaled equation is described in the Chapter 8. The paper with

this research conclusions has been submitted to the International Journal of Ther-

mophysics, with Jana Kalová as a co-author. The Summary in Chapter 9 contains

a more detailed overview of results and conclusions, and suggestes possibilities of fu-

ture research.

The list of publications is in the appendix.



Chapter 1

Metastable liquids and supercooled
water

Water at atmospheric pressure and temperature below 0 ◦C can exist as liquid . Such

water is called supercooled. Liquid water at above 100 ◦C is called superheated. All

liquids and their mixtures have the same properties. The states of liquids below the

normal freezing point and above the normal boiling point are called metastable. At

atmospheric pressure, water can exist in the liquid state (stable and metastable) in

the temperature range from -41 ◦C to 280 ◦C [28, 29]. It is possible to get a metastable

state of water also for stretched water (or other liquids). Water has been stretched

to a remarkably large negative pressure -140 MPa ([30]).

1.1 Metastable liquids

To get a metastable state of liquid, it is essential to remove suspended and dissolved

impurities carefully and to minimize contact with rough bounding surfaces. Minor

perturbations in metastable states can trigger a sudden appearance of a nucleus of

stable phases - ice in supercooled water and vapor in superheated water. The process

3
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of nucleation is called ”heterogeneous” when it is influenced by the presence of defects,

impurities, walls or radiation. The process is common in nature - for example, water

droplets in clouds freeze roughly at -20 ◦C due to the presence of dust particles and

various chemicals. The process of nucleation in the absence of defects, walls etc. is

an intrinsic property of the system and is called ”homogeneous”. Metastability is

possible because there is an energy barrier against nucleation of the stable phase. In

homogeneous nucleation, a new phase is formed when some fluctuation overcomes the

free energy barrier and forms a nucleus of a critical size ([31]).

To be able to study thermodynamic properties of metastable liquids, the lifetime of

the system must be longer than the relaxation time (the time when the system returns

to the equilibrium) plus the observation time (the necessary time for the measurement

of properties). That is why it is not possible to obtain any experimental data near

the limit of thermodynamic stability -the lifetime of the system becomes too low in

this case. The limit of superheating or supercooling restricts the region where one can

measure thermodynamic properties of liquids. These limits are called homogeneous

nucleation limits. Calculation of the metastable system lifetime is a matter of kinetics.

A concept of a kinetic spinodal is introduced as a locus where the lifetime of the

metastable state becomes shorter than the relaxation time to the local equilibrium [32,

33, 34].

We can also use a phenomenological approach to derive criteria for the thermody-

namic stability of a macroscopic system. When the system is isolated and located in

equilibrium, some microscopic fluctuation always decreases the system entropy. For

an isolated system, one can write the following condition:

[∆S]U,V,N ≤ 0,
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where S, U , V and N stand for the system’s entropy, internal energy, volume, and

the number of moles [35]. The stability criterium is equivalent to the condition

[∆U ]S,V,N ≥ 0.

Using this, one can derive six criteria of a system stability [31]:

(
∂T

∂S

)
P,N

> 0,

(
∂T

∂S

)
µ,V

> 0,(
∂P

∂V

)
µ,S

< 0,

(
∂P

∂V

)
T,N

< 0,(
∂µ

∂N

)
P,S

> 0,

(
∂µ

∂N

)
T,V

> 0.

The criteria can be expressed in measurable quantities - positive values of the

isochoric heat capacity CV or the isothermal compressibility κT are necessary for the

stability: (
∂T

∂S

)
V,N

=
T

CV
> 0,

(
−∂P
∂V

)
T,N

=
1

V · κT
> 0.

The criteria mean, that either temperature must increase due to added heat, or the

pressure must increase when the body is compressed. It is not possible to reach the

limit of thermodynamic stability experimentally because the homogeneous nucleation

limit is reached first.

The criteria of stability of a fluid phase with a respect to a solid phase are more

complex. It is required to add the terms σikεik, where σik is an element of stress tensor

and εik is the element of strain tensor, (i, k = 1, 2, ...., 6) [36]. The terms denote works

of deformation of the solid phase. The complexity of the description of the stability

limits between fluid and solid phases causes that criteria of stability have not yet been

developed [30].
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1.2 Thermodynamic and kinetic limits for liquid

water

Thermodynamic (TS) and kinetic (TH) limits for liquid water are schematically shown

in Figure 1.1 [1].

Figure 1.1: Thermodynamic and kinetic limits for ordinary liquid water at ambient
pressure [1].
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The liquid status of water starts at the hypothetic thermodynamic limit of stability

TS. This limit is called ”spinodal” [37, 38]. Only one criterium of stability is often

used for a spinodal definition: (
∂P

∂V

)
T,N

= 0.

It becomes impossible to avoid boiling above the kinetic spinodal temperature TH .

The temperatures TB (the boiling point) and TM (the melting point) are the higher

and lower limits of the stable region of liquid water. If water is cooled below the

melting temperature, then ice is formed. If extremely clean, water can be cooled to

TH=-38 ◦C, to the kinetic spinodal between liquid and ice. Below this temperature

it is impracticable to avoid crystallization. The region below TH is called ”No man’s

land”, because no data for bulk water exist from this region. Only huge quenching

rates (> 105 degrees per second) can prevent crystallization.

When the temperature drops below TG = -140 ◦C (the glass transition tempera-

ture), amorphous ice is created. Amorphous ice is also called glassy water. Although

amorphous ice is solid, its structure shows features similar to liquid. When amor-

phous ice is heated above the glass transition temperature, it transforms into a highly

viscous (ultraviscous) liquid. Ultraviscous liquid is metastable, but as the viscosity

of liquid is very high, the lifetime of the state is longer and it is possible to measure

its thermodynamic properties. Above the spontaneous crystallization temperature

TX , the ”No man’s land” region is reached again and one cannot avoid crystalliza-

tion [1, 39].

A new form of amorphous ice was discovered in 1984 [40, 41]. This phenomenon

is called polyamorphism [39]. The new kind of amorphous ice has higher density and

this form of amorphous ice is called High Density Amorphous ice (HDA ice), while the
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original form is called Low Density Amorphous ice (LDA). LDA ice can be formed

directly from HDA ice, when thermodynamic parameters (temperature, pressure)

are changed. The volume changes significantly when thermodynamic parameters are

changed infinitesimally. It is expected that the first order transition exists between

HDA and LDA ice.

When amorphous ice is heated, it changes into an ultraviscous liquid. It is ex-

pected (similarly to amorphous states of ice), that two different liquid phases are

created - Low Density Liquid (LDL) and High Density Liquid (HDL).

1.3 Supercooled liquid water

Water has many of unusual properties. One of the best-known is the fact that the

maximum density of water is at 4 ◦C. In 1971, Voronel [42] predicted a ”scaling”

relation for several substances:

CV
T

= A · τ−α +B, (1.3.1)

where CV is specific isochoric heat capacity, T is the temperature in K and where

τ = (T−T0)/Tc, T0 is temperature below the melting point and cannot be determined

directly from any experiment. Tc is the critical temperature. The value 0.13 was used

for index α. Anisimov et al. [9] measured the isobaric heat capacity CP to -7.5 ◦C in

the adiabatic calorimeter. He and his co-workers found T0=255 K.

Subsequent experiments found that isothermal compressibility and thermal ex-

pansivity also change rapidly with respect to temperature below 0 ◦C. The overview

of experimental data for supercooled water supported the statement is in Table 1.3.
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Table 1.1: Overview of the experimental data

Properties Range Reference
isothermal compressibility 0.1 MPa, -26/45 ◦C Speedy and Angell 1976 [12]

0.1/190 MPa, -30/25 ◦C Kanno and Angell 1979 [13]
density, thermal expansion 0.1 MPa, -23/4 ◦C Schufle 1965 [43]

0.1 MPa, -40/24 ◦C Schufle and Venugopalan 1967 [44]
0.1 MPa, -34/24 ◦C Zheleznyi 1967 [45]
0.1 MPa, -35/5 ◦C Rasmussen and MacKenzie 1973 [46]
0.1 MPa, -34/0 ◦C Sorensen 1983 [47]
0.1 MPa, -34/40 ◦C Hare and Sorensen 1986 [14]
0.1 MPa, -34/0 ◦C Hare and Sorensen 1987 [15]
0.1 MPa, -243/100 ◦C Mallamace et al. [48]
40/400 MPa, -73/2 ◦C O. Mishima [17]

isobaric heat capacity 0.1 MPa, -7.5/30 ◦C Anisimov et al. 1972 [9]
0.1 MPa, -35/5 ◦C Rasmussen and MacKenzie 1973 [46]
0.1 MPa, -35/5 ◦C Rasmussen at al 1973 [49]
0.1 MPa, -38/4 ◦C Angell at al 1973 [50]
0.1 MPa, -37/17 ◦C Angell at al 1982 [7]
0.1 MPa, -28.5/10 ◦C Tombari at al 1982 [8]
0.1 MPa, -37/12 ◦C Archer and Carter 2000 [10]
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Three different scenarios have been proposed to explain metastable behavior of

water, observed anomalies, and two types of amorphous ice. Experimental verification

of the scenarios is difficult because nucleation of ice prevents detailed supportive

measurements.

Retracing spinodal scenario

The stability limit conjecture scenario was suggested by Speedy [51, 52]. This spinodal

is (according to the hypothesis) a retracing liquid-gas spinodal, that is continuous from

the liquid-gas critical point to the very low temperatures. According to this scenario,

water has a continuous spinodal curve bounding the superheated, supercooled and

stretched states of water. The observed anomalies in the supercooled region are

caused by the spinodal, where isobaric heat capacity, isothermal compressibility and

the thermal expansion coefficient diverge. The scenario predicts power-law behavior

of the properties,

X = A ·
(
T

TS

− 1

)−c
+Xb,

where X is a property that diverges at the spinodal, TS is spinodal temperature, c is

an experimental exponent, and Xb is a background (analytical) function of the tem-

perature. It is assumed that cooled or streched liquid water cannot exist beyond the

line TS(P ) in the pressure - temperature (P − T ) phase diagram.

Debenedetti has argued that retracing spinodal scenario is implausible for supercooled

water [53, 54, 55].

Singularity free scenario

The theory shows that the increase in compressibility at constant pressure, when the

temperature decreases, are not primarily an indication of any singular behavior [56].
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This scenario is the simplest one that is consistent with experimental data. The sin-

gularity free scenario is supported by several models showing anomalous increases of

properties without corresponding singularity [57].

Critical-point scenario

The third recent attempt to explain anomalous behavior of water is called the liquid-

liquid critical point (LLCP) hypothesis [58]. This scenario is based on the molecular

dynamics studies and ascribes the anomalous properties of water to the presence of

a liquid-liquid critical point. The critical point is associated with a phase transition

between a low-density and a high-density liquid phase. The scenario is supported by

experimentally observed first order transition between low density and high density

amorphous ice [59, 40, 41] and by extensive Monte Carlo and molecular dynamics

simulations of various water and water-like models [60, 61].



Chapter 2

Critical point theory

A phase transition is a change of a substance from one phase to another. During

a phase transition, a thermodynamic system changes its properties when some ex-

ternal conditions, such as the temperature and the pressure, are slightly changed.

For example, liquid becomes gas when the temperature is increased above the boiling

point, resulting in an abrupt change in volume. The classical Paul Ehrenfest classifi-

cation of phase transitions is based on behavior of thermodynamic free energy. The

first-order phase transitions mean that the first derivative of free energy shows dis-

continuity, e.g. molar entropy, molar volume, molar enthalpy or concentration. The

second-order phase transitions are continuous in the first derivative, but the second

derivative of free energy exhibits discontinuity, e.g. molar heat capacity, isothermal

compressibility, thermal expansivity [62].

Typically, a phase transition is brought about by a change in the temperature of

the system. An example of the first-order phase transition is melting, where liquid is

disordered and thus has higher entropy than solid. The solid-liquid transition occurs

at the melting point. This is characterized by the amount of latent heat that must

12
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be added to the solid (ice) for it to be disordered into the liquid phase. Other exam-

ples of phase transitions are the gas-liquid transition (condensation), the normal-to-

superconducting transition in electrical conductors, the paramagnet-to-ferromagnet

transition in magnetic materials, and the superfluid transition in liquid helium, tran-

sitions involving amorphous or glassy structures, spin glasses, charge-density waves,

and spin-density waves [63, 34].

In first-order phase transitions the metastable states can exist. The two distinct

phases may coexist. The boundary of the two phases is called binodal or coexistence

curve. The binodal can be defined by the condition at which the chemical potentials

of both components are equal. The metastable states of the first order transitions are

limited by spinodal, also called the limit of stability. The extremum of a binodal curve

in temperature coincides with the extremum of a spinodal curve and the extremum

is called a critical point. The critical point is a common point of a binodal and

a spinodal, that is why the parameters of the critical point can be determined from

the following equations (
∂P

∂ρ

)
T

= 0,

(
∂2P

∂ρ2

)
T

= 0.

Since the isothermal compressibility is defined as ρ−1(∂ρ/∂P )T , the compressibil-

ity diverges as the critical point is approached.

For fluids, the critical point terminates the coexistence curve between two fluid

phases, usually vapor and liquid. For supercooled water - the liquid-liquid critical

point scenario expects the coexistence curve between a low-density and a high-density

liquid phase terminated by the critical point. Beyond the critical point, the difference

between the two phases disappears and fluid becomes homogeneous. It means that it

is possible to convert one phase into another one continuously without crossing the
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phase equilibrium line.

The coexistence curve terminates in the critical point, it means the first derivatives

of the free energy, i.e. molar volume and molar entropy, are also continuous, but

the second derivatives (molar heat capacity, isothermal compressibility and thermal

expansivity) are discontinuous. The phase transition at the critical point is classified

as a second-order phase transition.

2.1 Classical (mean field) behavior

The general feature of the second-order phase transitions was discovered by Lan-

dau [63, 34]: a new element of symmetry appears at the transition point. To describe

the second-order phase transition, Landau introduced a new parameter, which de-

scribes the higher symmetry of the system - order parameter ϕ. The parameter is

equal to zero in the non-ordered phase and has a finite value in the ordered phase.

The parameter is zero in the critical point. For example, in a ferromagnet, the order

parameter is the magnetic moment per unit volume. It is zero in the paramagnetic

state since the individual magnetic moments in the solid may point in any random

direction, and as the temperature is lowered below the temperature of the phase

transition, the magnetization (or the macroscopic magnetic moment per unit vol-

ume) grows. As the order parameter for the liquid-vapor phase transition, one can

consider the difference in the densities of the liquid and gas phases.

The definition of the order parameter depends on the physical nature of the phase

transition. But the concept of an order parameter is possible to be used to get some

qualitative and quantitative features of a system behavior in the vicinity of the critical
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point. Since the order parameter grows continuously from zero at the transition

temperature, Landau suggested that an expansion of free energy A(T, V, ...) in the

Taylor expansion in the order parameter ϕ would tell us about the behavior near the

transition. One can write:

A(ϕ) = A0 + V (aϕ2/2 + bϕ4/4 + ....), (2.1.1)

where V is volume of the system [34]. It is supposed the equation is independent of

the transformation ϕ → −ϕ. The equilibrium value of ϕ0 can be obtained from the

condition

∂A(ϕ)

∂ϕ
= 0. (2.1.2)

The coefficients a, b in Eq. (2.1.1) are functions of temperature and pressure. From

Eq. (2.1.2) follows aϕ0 + bϕ3
0 = 0 and there are three possible roots of this equation:

ϕ0 = ±(−a/b)1/2, ϕ0 = 0. (2.1.3)

If we define

a = ατ, τ =
T − Tc
Tc

, α > 0, (2.1.4)

then the condition, that the order parameter at the critical point equals zero, is met.

Below the critical point, there are three solutions of Eq. aϕ0 + bϕ3
0 = 0. Only one

solution is above the critical point. We can see an analogy with the solutions of the

Van der Waals equation, where also three solutions exist below the critical point of

fluids (the middle one is unstable), and only one solution exists above the critical

point.

Now it is reasonable to introduce a generalized external field h and to add the

term ∆A = −V hϕ to free energy A [34]. From Eq. (2.1.2) we get

aϕ0 + bϕ3
0 = h. (2.1.5)
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If h is not equal to zero, ϕ0 = 0 cannot be the root of Eq. (2.1.5), it means, if

h 6= 0 then the order parameter is different from zero for arbitrary V and T . The

second-order phase transition does not exist in this case.

One can define generalized susceptibility as

χ =
∂ϕ0

∂h
. (2.1.6)

Eq. (2.1.6) yields aχ+ 3bϕ2
0χ = 0, and finally χ could be stated as

χ =
1

a+ 3bϕ2
0

. (2.1.7)

2.2 Ising model

The Ising model is originally the simplest model of ferromagnetism in statistical

mechanics. The model consists of a set of magnetic spins arranged on a regular

square lattice. Each spin can be in one of two states, called e.g. ‘up’ and ‘down’.

Energy of the system is determined by the sum of elementary interactions between a

spin and its neighbors on the lattice. The general number of possible configurations

of the system of spins [σ] is equal to 2N , where N is the number of nodes. It is

reasonable to assign a variable σx with two possible values ±1 to the lattice node x,

where +1 represents the spin ”up”, −1 the spin ”down”. Energy

H[σ] =
∑
xx’

I(x-x’)σxσx’ − h
∑
x

σx

is assigned for each configuration [σ]. Only the case of the nearest neighbor interac-

tions is usually studied. In this case I(x) = 0 for x 6= a, where a is a base vector of

the lattice.
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The one-dimensional Ising model does not yield any phase transition. It was

solved by Ising (1925) himself. The two-dimensional square lattice Ising model is

much more difficult. An analytic description was given by Lars Onsager [64]. The

three-dimensional Ising model can be solved only approximately.

The Ising model is a model of ferromagnets. The Ising model can be reinterpreted as

a statistical model for the motion of atoms. Each node of the lattice either contains an

atom or it doesn’t. The model is called the lattice gas model. Each node of the lattice

has an occupation number n(x) equal to 0 or 1. The transformation σ(x) = 2n(x)−1

leads to the Ising model of ferromagnetism. It means both models describe the same

system, but using different variables. One of the most important results of the study

of the phase transitions is the discovery that the thermodynamic system behavior in

the vicinity of a critical point is universal [65].

There is a hypothesis that all fluids exhibit Ising-like asymptotic critical behavior.

It is possible to characterize the thermodynamic behavior of fluids near the critical

point by scaling laws with universal critical exponents and universal scaling functions

of 3D Ising system. One of the problems of lattice gas is that the model is symmetric

(in terms of order parameter), while phase transition of real fluids is not symmetric.

Critical behavior of fluids is universal in terms of so-called scaling fields. Scaling fields

are analytic functions of the physical fields.

It is commonly accepted, that the critical behavior of an Ising-like system can be

described by two independent scaling fields: h1 (so-called ”strong” scaling field or

”ordering” field) and h2 (so-called ”weak” scaling field or ”thermal” field). Asymp-

totically near the critical point, a dependent scaling field h3 has the form [66]:

h3(h1, h2) ≈ |h2|2−αf±
(

h1

|h2|2−α−β

)
, (2.2.1)
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Table 2.1: Universal critical power laws

Critical power law Thermodynamic path

φ1 ≈ ±B0|h2|β h2 < 0, φ1 = ±φcxc
φ2 ≈ A±

0

1−αh2|h2|−α φ1 = 0

χ1 ≈ Γ+
0 |h2|−γ h2 > 0, φ1 = 0

χ1 ≈ Γ−0 |h2|−γ h2 < 0, φ1 = ±φcxc
χ2 ≈ A+

0 |h2|−α h2 > 0, φ1 = 0
χ2 ≈ A−0 |h2|−α h2 < 0, φ1 = ±φcxc
χ12 ≈ βB0

|h2|β
h2

h2 < 0, φ1 = ±φcxc

where f± is a universal scaling function except for two system-dependent amplitudes.

The subscripts ± refer to h2 > 0 and h2 < 0, respectively. The exponents α and β

are the universal critical exponents [67]. At the critical point h1 = h2 = h3.

Now one can define two scaling densities, φ1 is the ”order parameter” and φ2 is the

”thermal” density [61]:

φ1 =

(
∂h3

∂h1

)
h2

, φ2 =

(
∂h3

∂h2

)
h1

. (2.2.2)

The second derivatives of h3 define three susceptibilities:

χ1 =

(
∂φ1

∂h1

)
h2

, χ2 =

(
∂φ2

∂h2

)
h1

, χ12 =

(
∂φ1

∂h2

)
h1

=

(
∂φ2

∂h1

)
h2

. (2.2.3)

The susceptibility χ1 is called ”strong”, χ2 is ”weak” and χ12 is ”cross” susceptibility.

The scaling laws result in asymptotic power laws along the path φ1 = 0 for h2 > 0

and h2 < 0 and along the two sides of the phase boundary φ1 = ±φcxc for h2 < 0

(Table 2.1). The universal critical exponents are related by

γ = 2− α− 2β 3ν = 2− α γ = (2− η)ν. (2.2.4)
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Table 2.2: Comparison of critical exponents

Critical Source Calculated Experimental Classical
exponent [71] value [69] value [67] value
α 0.110 0.110± 0.003 0.113± 0.009 0
β 0.325 0.326± 0.002 0.3245± 0.0.0105 1/2
γ 1.24 1.239± 0.002 1.238± 0.012 1
δ 4.815 4.801± 0.017 4.815± 0.089 3
ν 0.63 0.630± 0.002 0.629± 0.003 1/2
η 0.0318 0.033± 0.004 0.032± 0.013 0

The Ising critical amplitude Γ±0 is related to B0 and A±0 through universal ratios [68]

αΓ+
0 A

+
0

B2
0

= 0.0581,
Γ+

0

Γ−0
= 4.8,

A+
0

A−0
= 0.523.

The definition of the critical exponents is in Table 2.1. Characteristic of exponents

δ and η is given e.g. in [67]. The critical exponents for the 3D Ising model are

calculated from high-temperature expansions, the Monte Carlo simulation and per-

turbative field-theoretical methods [69]. The critical exponents are also measured in

various experiments, e.g. from light-scattering data in an aqueous electrolyte solu-

tion [67, 70]. The comparison of calculated and measured critical exponents is in

Table 2.2. Data from [71] are used in this paper.

One can define

z =
h1

|h2|2−α−β
=

h1

|h2|β+γ
. (2.2.5)

We have used the relation (2.2.4) between the universal critical exponents in the

definition (2.2.5). Eq. (2.2.1) now can be written in the form [71]

h3(h1, h2) ≈ h2
2|h2|−αf(z). (2.2.6)

The scaling ”densities” φ1 and φ2 are then

φ1 = −|h2|βf ′(z), (2.2.7)
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φ2 = −h2|h2|−αψ(z), (2.2.8)

where f ′(z) = df/dz and ψ(z) = (2− α)f(z)− (β + γ)zf ′(z).

Susceptibilities defined in Eq. (2.2.3) are now

χ1 = −|h2|−γf ′′(z), (2.2.9)

χ2 = −|h2|−αψ(z), (2.2.10)

χ12 = χ21 = −|h2|−β−1[βf ′(z)− (β + γ)f ′′(z)], (2.2.11)

with Ψ(z) = (1− α)ψ(z)− (β + γ)zψ′(z) and where f ′′(z) = d2f/dz2 and

ψ′(z) = dψ/dz.

Near the critical point the scaling fields h1 and h2 are linear functions of the phys-

ical fields. The physical fields for one component fluid are pressure P , temperature T

and chemical potential µ. For one-component fluids, the critical point can be speci-

fied by the critical temperature Tc, critical density %c and critical pressure Pc. One

can define dimensionless thermodynamic properties as follows:

T̂ =
T

Tc

, ρ̂ =
ρ

ρc

, P̂ =
P

ρcRTc

,

µ̂ =
µ

RTc

, Â =
A

RTc

, Ŝ =
S

R
, ĈP =

CP
R
, (2.2.12)

ĈV =
CV
R
, κ̂T = ρcRTcκT , α̂P = TcαP ,

χ̂ =

(
∂2P̂

∂µ̂2

)
T̂

=

(
∂ρ̂

∂µ̂

)
T̂

= ρ̂2κ̂T̂ ,

where S is the molar entropy, CV is the isochoric molar heat capacity, ρ is the molar

density, CP is the isobaric molar heat capacity, A is the molar Helmholtz energy, χ̂

is the isothermal susceptibility, α̂P is the thermal expansivity, R is the molar gas

constant. It is common to define the physical fields to be zero at the critical point:
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∆T̂ =
T − Tc

Tc

, ∆ρ̂ =
ρ− ρc

ρc

, ∆P̂ =
P − Pc

ρcRTc

, (2.2.13)

∆µ̂ =
µ− µc

µc

, ∆Ŝ =
S − Sc

Sc

, ∆V̂ =
V − Vc

Vc

,

where V is molar volume.



Chapter 3

Parametric equation of state

It is impossible to find the function h3 given by the formula (2.2.1) as an explicit

function of h1 and h2 [72]. Schofield [73, 74] suggested a parametric representation of

the thermodynamic functions in the neighborhood of the critical point. The variables

r and θ were used, where the parameter r represents a ”distance” from the critical

point and the angular parameter θ describes a distance around lines of constant

r from one side of the coexistence curve to the other. If any thermodynamic property

exhibits a singularity in the critical point by a scaling law with a critical exponent,

the critical behavior is characterized by variable r. It means, that one can describe

the singular behavior using ψ(r, θ), asymptotically Ψ(r, θ) = r−xψ(θ), where ψ(θ) is

an analytic function and x is a critical exponent [74]. Consequently,

h1 = r2−α−βH(θ), h2 = rT (θ). (3.0.1)

Here the functions H(θ) and T (θ) are analytic functions of θ. One can use parametric

variables in Eq. (2.2.1), and, therefore, the order parameter φ1 can be expressed as

φ1 = rβM(θ). (3.0.2)

22



23

M(θ) in Eq. (3.0.2) is an analytical function of θ.

Schofiled [73] suggested the following forms of the equations

h1 = ar2−α−βθ(1− θ2), h2 = r(1− b2θ2). (3.0.3)

It was found the linear dependence of

M(θ) = kθ (3.0.4)

gives a good experimental data approximation. This choice gives the attractively

simple equation and is called the ”linear model”.

In Eq. (3.0.3), b2 = (γ − 2β)/γ(1 − 2β) is a universal constant, and a and k are

system-dependent constants related to the critical amplitudes [72].

The ”cubic model ” is given using the approximation [75]

M(θ) = kθ(1 + cθ2), (3.0.5)

where c is a universal constant.

3.1 Linear model

The linear model with only an order parameter φ1 is discussed in this chapter,

φ1 = krβθ. (3.1.1)

The variable θ varies from θ = 0 at φ1 = 0, h2 > 0, to θ = ±1/b at h2 = 0 and to

θ = ±1 at φ1 = ±φcxc at negative h2. The linear model does not describe the two

phase region for |θ| > 1.
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The singular part of the thermodynamic potential is given by [72]

h3 = −akr2−α[f(θ)− θ2(1− θ2)]− ak

6
r2(1− b2θ2)2. (3.1.2)

The equation is modified by adding an analytical term. Then the model is fully

consistent with the results of the renormalization group theory [71]. In Eq. (3.1.2)

f(θ) is the known function of θ:

f(θ) = f0 + f2θ
2 + f4θ

4 . (3.1.3)

The constants f0, f2, f4 can be expressed in the form

f0 =
β(δ − 3)− b2αγ

2b4(2− α)(1− α)α
, (3.1.4)

f2 =
β(δ − 3)− b2α(1− 2β)

2b2(1− α)α
, (3.1.5)

f4 = −1− 2β

2α
. (3.1.6)

By differentiation of Eq. (3.1.2) one gets [71]

φ2 = akr1−αs(θ)− akr(1− b2θ2)

3
, (3.1.7)

where

s(θ) = s0 + s2θ
2. (3.1.8)

The constants s0, s2 can be expressed in the form

s0 = −(2− α)f0, (3.1.9)

s2 = −(2− α)b2(1− 2β)f0 − γf2. (3.1.10)

Using the definition of susceptibilities, one can write Eq. ( 2.2.3)

χ1 =
k

a
r−γc1(θ) (3.1.11)
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χ2 = akr−αc2(θ)− ak

3
, (3.1.12)

χ12 = krβ−1c12(θ). (3.1.13)

In the equations

c1(θ) =
1− b2θ2(1− 2β)

c0(θ)
(3.1.14)

c2(θ) =
(1− α)(1− 3θ2)s(θ)− 2s2βδθ

2(1− θ2)

c0(θ)
(3.1.15)

c12(θ) =
βθ(1− δ − θ2(3− δ)

c0(θ)
(3.1.16)

c0(θ) = (1− 3θ2)(1− b2θ2) + 2βδb2θ2(1− θ2). (3.1.17)

3.2 Critical exponents and Linear model

The linear model is based on the linearity of the function of M(θ) (see Eq. 3.0.5). The

order parameter φ1 is obtained by a differentiation of Eq. (3.1.2) (see the definition of

φ1 in Eq. (2.2.2)). The comparison of the result of the differentiation with the form

of the linear model in Eq.( 3.0.2) yields

M(θ) = −2b2(2− α)θ(f(θ)− θ2 + θ4) + (1− b2θ2)(f ′(θ)− 2θ + 4θ3)

2b2(β + γ)θ2(1− θ2) + (1− 3θ2)(1− b2θ2)
. (3.2.1)

The function M(θ) must be very close to the linear function θ [74]. The function

M(θ) is a rational function. Constants of the rational function are calculated from

the critical-exponent values.

Sengers and Shanks have published a review of experimental critical-exponent

values for fluids [67] recently. Pelissetto and Vicari have reviewed the theoretical

values of the critical-exponent values [69] - see Table 2.2. We have tested the influence

of different sets of exponents on the linearity of the function M(θ). We have selected
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Table 3.1: Coefficients of the linear parametric equation

Set α β γ δ b2 f0 f2 f4

1 [71] 0.110 0.325 1.240 4.815 1.359447 −0.59137 2.019449 −1.59091
2 [69] 0.107 0.324 1.237 4.784 1.352704 −0.60273 2.038911 −1.64486
3 [69] 0.110 0.326 1.239 4.801 1.361406 −0.58549 2.007071 −1.58182
4 [69] 0.113 0.328 1.241 4.818 1.370332 −0.56895 1.976839 −1.52212
5 [67] 0.104 0.314 1.226 4.731 1.311196 −0.61951 2.016681 −1.78846
6 [67] 0.113 0.3245 1.238 4.815 1.355463 −0.57461 1.969705 −1.5531
7 [67] 0.122 0.335 1.250 4.904 1.406061 −0.53233 1.929573 −1.35246

the values presented in [71], and the lower limit, the middle value and the upper limit

for experimental [67] and theoretical [69] values of the critical exponents. For each

set of exponents we have calculated b2, f0, f2 and f4. The results are in Table 3.1.

One can see the differences from linearity are quite significant for some of the sets of

the exponents. If the linear model is used with the set of critical exponent, the test of

linearity of function M(θ) is useful. If the difference of M(θ) from the linear function

is identified, the coefficients f0, f2 and f4 should be re-calculated.
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Figure 3.1: Function M(θ) for the sets of critical exponents. Numbering according
to Table 3.1.



Chapter 4

Simple, revised and complete
scaling

The simplest model of the phase transition of fluids is the lattice gas. For the lattice

gas the scaling fields are [72]:

h1 = ∆µ̂, h2 = ∆T̂ , h3 = ∆P̂ . (4.0.1)

The Ising model gives equations describing the behavior of thermodynamic properties

asymptotically near the critical point. The concept of background functions was in-

troduced to describe the behavior of the properties in a large distance from the critical

point. If X is a property, one can write X = Xcr +Xb, where Xcr indicates a critical

part of the thermodynamic property, that often shows some singular behavior at the

critical point, and Xb represents some analytical, regular behavior of the background.

4.1 Simple and revised scaling

If ∆P̂ is a thermodynamic potential, one can write

d∆P̂ = ∆ρ̂dµ̂+ ∆(ρ̂Ŝ)dT̂ . (4.1.1)

28
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Using Eq. (2.2.2) one gets

φ1 = ∆ρ̂, φ2 = ∆(ρ̂Ŝ). (4.1.2)

When the chemical potential is used as a fundamental thermodynamic potential

instead of the pressure, we obtain

d∆µ̂ = ∆V̂ dP̂ −∆ŜdT̂ . (4.1.3)

In this case

φ1 = ∆V̂ , φ2 = −∆Ŝ. (4.1.4)

ĈP = T̂

(
∂Ŝ

∂T̂

)
P

= −T̂ χ2, (4.1.5)

κ̂T = − 1

V̂

(
∂V̂

∂P̂

)
T

= − 1

V̂
χ1, (4.1.6)

α̂V =
1

V̂

(
∂V̂

∂T̂

)
P

=
1

V̂
χ12. (4.1.7)

In the simple-scaling approximation (lattice gas model), the two-phase boundary

is symmetric. According to some theoretical models, the coexistence-curve diameter

ρd as function of temperature shows a singular behavior [72]. For this reason a revised-

scaling approximation has been proposed [76] with the scaling fields

h1 = ∆µ̂, h2 = ∆T̂ + b2∆µ̂, h3 = ∆P̂ . (4.1.8)

In this case one gets

∆ρ̂ = φ1 + b2φ2, ∆(ρ̂Ŝ) = φ2. (4.1.9)

When the chemical potential is used as a fundamental thermodynamic potential in-

stead of the pressure, one obtains the following relation for various thermodynamic

properties:

d∆µ̂ = ∆V̂ dP̂ −∆ŜdT̂ , (4.1.10)
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h3 = ∆µ̂, h1 = ∆P̂ , h2 = ∆T̂ + b2∆P̂ , (4.1.11)

∆V̂ = φ1 + b2φ2, ∆Ŝ = −φ2, (4.1.12)

ĈP = T̂

(
∂Ŝ

∂T̂

)
P

= −T̂ χ2, (4.1.13)

κ̂T = − 1

V̂

(
∂V̂

∂P̂

)
T

= − 1

V̂
(χ1 + 2b2χ12 + b2

2χ
2
2), (4.1.14)

α̂V =
1

V̂

(
∂V̂

∂T̂

)
P

=
1

V̂
(χ12 + b2χ2). (4.1.15)

4.2 Complete scaling

For asymmetric fluids, Fisher and coworkers [77, 78, 79] pointed out the necessity to

relate the scaling fields to all physical fields [80, 81]. For one-component fluids, one

can write (in linear approximation) [72, 82, 83]:

h1 = a1∆µ̂+ a2∆T̂ + a3∆P̂ ,

h2 = b1∆T̂ + b2∆µ̂+ b3∆P̂ , (4.2.1)

h3 = c1∆P̂ + c2∆µ̂+ c3∆T̂ .

The dependent field h3 is a homogeneous function of h1 and h2 (Eq. (2.2.1)). If the

phase-coexistence locus exhibits a strong curvature, the linear approximation may be

insufficient and it is appropriate to include [84, 61] a nonlinear term. The physical

properties are given by the thermodynamic relations

ρ̂ =

(
∂P̂

∂µ̂

)
T̂

(4.2.2)

ρ̂Ŝ =

(
∂P̂

∂T̂

)
µ̂

. (4.2.3)
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It is possible to use the thermodynamic relations to find a link between physical and

scaling densities. First, differentiating the h3 with respect to µ̂, one gets(
∂h3

∂µ̂

)
T̂

= c1

(
∂P̂

∂µ̂

)
T̂

+ c2 = c1ρ̂+ c2. (4.2.4)

Second, supposing h3 = h3(h1, h2), one gets(
∂h3

∂µ̂

)
T̂

=

(
∂h3

∂h1

)
h2

(
∂h1

∂µ̂

)
T̂

+

(
∂h3

∂h2

)
h1

(
∂h2

∂µ̂

)
T̂

,

(
∂h3

∂µ̂

)
T̂

= φ1

(
a1 + a3

(
∂P̂

∂µ̂

)
T̂

)
+ φ2

(
b1 + b3

(
∂P̂

∂µ̂

)
T̂

)
,

(
∂h3

∂µ̂

)
T̂

= a1φ1 + a3φ1ρ̂+ b2φ2 + b3φ2ρ̂. (4.2.5)

Comparing Eqs (4.2.4) and (4.2.5), one gets

ρ̂ =
a1φ1 + b2φ2 − c2

c1 − a3φ1 − b3φ2

. (4.2.6)

When the derivative of h3 with respect to T̂ is calculated, one gets

ρ̂Ŝ =
a2φ1 + b1φ2 − c3

c1 − a3φ1 − b3φ2

.

When Eq. (4.2.6) is used, one can write

Ŝ =
a2φ1 + b1φ2 − c3

a1φ1 + b2φ2 − c2

. (4.2.7)

Because at the critical point ρ̂ = 1, Ŝ = Sc/R = Ŝc, φ1 = 0 and φ2 = 0, must be

−c2

c1

= 1,
−c3

c1

= Ŝc,

and it is possible to select c1 = 1, c2 = −1 and c3 = −Ŝc. Eqs. (4.2.6) and (4.2.7)

now change to the form

ρ̂ =
a1φ1 + b2φ2 + 1

1− a3φ1 − b3φ2

, (4.2.8)
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Ŝ =
a2φ1 + b1φ2 + Ŝc

a1φ1 + b2φ2 + 1
. (4.2.9)

While the scaling fields are defined as linear combinations of the physical fields, the

physical densities are non-linear combinations of the scaling densities.

At the critical point, using Eqs. (4.2.2, 4.2.3) we obtain

ρ̂cŜc =

(
∂P̂

∂T̂

)
µ̂,c

= Ŝc. (4.2.10)

Applying the definition of h1 (Eq. (4.2.1)), along the path for h1 = 0 asymptotically

close to the critical point, one gets

a1

(
∂µ̂

∂T̂

)
h1=0,c

+ a2 + a3

(
∂P̂

∂T̂

)
h1=0,c

= 0. (4.2.11)

On the contrary, from the thermodynamic relation dµ = −SdT + vdP follows, that

at the critical point (
∂µ̂

∂T̂

)
h1=0,c

+ Ŝc −

(
∂P̂

∂T̂

)
h1=0,c

= 0. (4.2.12)

From Eqs. (4.2.11), (4.2.12) one gets,(
∂µ̂

∂T̂

)
h1=0,c

= −a2

a1

− a3

a1

(
∂P̂

∂T̂

)
h1=0,c

= −Ŝc +

(
∂P̂

∂T̂

)
h1=0,c

. (4.2.13)

Although the critical value of entropy can be arbitrarily chosen, a convenient choice

will further simplify the scaling equations. Adopting

Ŝc =

(
∂P̂

∂T̂

)
h1=0,c

, (4.2.14)

one obtains (
∂µ̂

∂T̂

)
h1=0,c

= 0, a2 = −a3Ŝc. (4.2.15)
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It is possible to normalize the scaling fields such a a1 = 1 and b1 = 1 [72]. Hence, in

complete scaling there are three system-dependent coefficients, namely a3, b2 and b3.

In the approximation, the scaling fields read

h1 = ∆µ̂+ a3

∆P̂ −

(
dP̂

dT̂

)
cxc, c

∆T̂

 ,

h2 = ∆T̂ + b2∆µ̂+ b3∆P̂ , (4.2.16)

h3 = ∆P̂ −∆µ̂+

(
dP̂

dT̂

)
cxc, c

∆T̂ .

4.3 Scaled equation of state for supercooled water

Recently, the scaling theory was applied to the liquid-liquid critical point by Fuentevilla

and Anisimov and a parametric equation of state was formulated [84, 61]. Here the

scaling fields were assumed to be the following combinations of physical fields, the

pressure P and the temperature T :

h1 = a1∆P̂ + a2∆T̂ + a3∆P̂ 2, (4.3.1)

h2 = b1∆T̂ + b2∆P̂ , (4.3.2)

A nonlinear term a3∆P̂ 2 was added to account for the strong curvature of the liquid-

liquid transition line. Any two coefficients may be absorbed in the scaling function f ,

the coefficients a2 = 1 and b2 = −1 were adopted. The negative sign of b2 indicates,

that the liquid-liquid phase separation in supercooled water occurs with increasing

pressure. Fuentevilla and Anisimov used the data obtained from Mishima et al. [1]

and the data obtained through personal communication with Mishima. The data for
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Figure 4.1: Phase diagram for water with vapor-liquid and liquid-liquid critical points.

the Widom line (an analytical continuation of the liquid-liquid transition curve) given

by the relation h1 = 0, were fitted by the polynomial expression:

T = A + BP + CP 2 = 234.130− 61.7594 · 10−3P − 952.784 · 10−6P 2. (4.3.3)

In the equation the temperature T is in Kelvin and the pressure P in Pascal. The

least squares method was used to determine coefficients A, B and C to fit the Mishima

data.

In the model (Eqs. (4.3.1 and 4.3.2)) one gets

φ1 =
b1∆V̂ + b1∆Ŝ

a2b2 − (a1)effb1

, (4.3.4)

φ2 =
a2∆V̂ + (a1)eff∆Ŝ

(a1)effb1 − a2b2

. (4.3.5)
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Table 4.1: Parameters of the Fuentevilla and Anisimov model

a1 b1 a3 Pc Tc a k
0.0078 0.0078 0.062 27 MPa 232 K 0.47 0.47

In the Fuentevilla - Anisimov model, the critical parts of the dimensionless isobaric

heat capacity, isothermal compressibility, and thermal expansivity [84, 61] are:

ĈP,cr = T̂

(
∂Ŝ

∂T̂

)
P̂

− ĈP,b = −T̂ (a2
2χ1 + 2a2b1χ12 + b2

1χ2), (4.3.6)

κ̂T,cr = − 1

V̂

(
∂V̂

∂P̂

)
T̂

− κ̂T,b = − 1

V̂
((a1)2

effχ1 + 2(a1)effb2χ12 + b2
2χ2), (4.3.7)

α̂P,cr =
1

V̂

(
∂V̂

∂T̂

)
P̂

− α̂P,b = − 1

V̂
((a1)effa2χ1 + [(a1)effb1 + a2b2]χ12 + b1b2χ2). (4.3.8)

The subscript ”b” indicates the property background. Fuentevilla and Anisimov

used the linear model (Eqs. (4.2.2, 4.2.3)) for the description of the thermodynamic

properties of supercooled water. The location of the critical point (Tc and Pc) and the

system-dependent amplitudes (a, k) were found from the experimental heat capacity

data [7]. The parameters a1 = b1 and a3 are based on an estimate of the liquid - liquid

phase transition curve (Eq. 4.3.3). The parameters of the model are in Table 4.1.

Mishima [17] measured the volume of water at about 200−275 K and 40−400 MPa.

He used the model of Fuentevilla and Anisimov. The data for the Widom line given

by relation h1 = 0 were fitted by another polynomial expression P (T ) (MPa):

P = A + BT + CT 2 = −1504 + 19.49T − 0.05613T 2. (4.3.9)



36

Table 4.2: Parameters of the Mishima model

a1 a2 a b Pc Tc Vc k
12.99 28.44 1 1 40 MPa 225 K 1.04 cm3/g 3.9

Mishima used the model

h1 = ∆P̂ + a1∆T̂ + a2∆T̂ 2, (4.3.10)

h2 = ∆T̂ − b1∆P̂ . (4.3.11)

For dimensionless isobaric heat capacity, isothermal compressibility, and thermal ex-

pansivity one gets [17]:

V̂cr == −φ1 + b1φ2, (4.3.12)

ĈP,cr == T̂ (w2χ1 + 2wχ12 + χ2), (4.3.13)

κ̂T,cr = − 1

V̂
((−χ1 + 2b1χ12 − b2

1χ2), (4.3.14)

α̂P,cr =
1

V̂
(−wχ1 − (1− b1w)χ12 + b1χ2), (4.3.15)

where

w = a1 + 2a2∆T̂ . (4.3.16)

The parameters of the model are in Table 4.2.



Chapter 5

Crossover equation and the vapor
pressure of supercooled water

Vapor-pressure equations are often used in atmospheric applications. Also properties

of water at temperatures below the triple point are needed for calculating the satu-

ration pressure in clouds, because clouds are often composed of deeply supercooled

water. There are many equations used in meteorology that describe the satura-

tion pressure of H2O also below the triple point. Most of them are based on the

Clapeyron equation, because experimental data are not of high quality. Measure-

ments are restricted to temperatures above approximately 233 K, which is the limit

of homogenous nucleation. But meteorologists are interested in the vapor pressure

of water at temperatures down to 160 K. Minimum temperatures in the Antarctic

winter stratosphere could be below 175 K [85]. How does one predict vapor pres-

sures of supercooled water below the limit of homogenous nucleation? Murphy and

Koop [85] carried out an evaluation of many vapor-pressure equations. They used

the knowledge of the isobaric heat capacity, CP , above 233 K (where experimental

data exist) and the asymptotic behavior of CP at the temperature limit of amorphous

ice (130 K to 150 K) to develop an equation for the vapor pressure of supercooled

37
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liquid water. They made detailed comparisons of the new equation with other vapor-

pressure equations and with existing experimental data. The crucial area is the ”no

man’s land” - see Figure 1.1, where experimental data are missing.

The general approach to the “no man’s land” area is based on an extrapola-

tion of thermophysical properties. Experimental data are known in the region above

233 K [7, 8, 10] and experimental data on amorphous ice can be used to constrain

the thermodynamic functions at 155 K [86, 1]. The problem is that some properties

(isobaric heat capacity, thermal expansivity, isothermal compressibility) change dra-

matically. To describe the properties in the “no man’s land” area, it is possible to

use the model of Fuentevilla and Anisimov Eqs. (4.3.1, 4.3.2).

There is a very accurate equation for the vapor pressure of water, namely, the

Wagner and Pruß equation [16]:

lnP = lnPc +
Tc

T
(−7.85951783τ + 1.84408259τ 1.5 − 11.7866497τ 3 +

+ 22.6807411τ 3.5 − 15.9618719τ 4 + 1.80122502τ 7.5). (5.0.1)

In the equation Pc = 2.2064 ·107 Pa, τ = 1−T/Tc, Tc=647.096 K, with P in Pa. This

equation is declared to be valid in the range 273.16 K ≤ T ≤ 647 K. Murphy and

Koop [85] have derived

lnP = 54.842763− 6763.22

T
− 4.210 lnT + 0.000367T + (5.0.2)

+ tanh(0.0415(T − 218.8)(53.878− 1331.22

T
− 9.44523 lnT + 0.014025T ),

with P in MPa. Eq. (5.0.2) is valid in the temperature interval 123 K < T < 332 K.

If the Wagner and Pruß equation is extrapolated down to the temperature 123 K,

it is possible to calculate the differences between Eqs. (5.0.2, 5.0.1). The pressure
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differences (in percentages) are defined as

Deviation =
PWagner,Pruß − PMurphy,Koop

PMurphy,Koop

. (5.0.3)

and they are shown in Figure 5.1. We can see the Wagner and Pruß equation can be

extrapolated below the triple point (to temperatures near 233 K).

Figure 5.1: Comparison of Eqs. (5.0.2, 5.0.1) for the saturation pressure of water
vapor over liquid water.

5.1 Clausius - Clapeyron equation

The Clausius - Clapeyron equation can be used to calculate vapor pressures for tem-

peratures below the triple point, and knowledge of CP,liq is useful for this purpose.

The Clausius - Clapeyron equation extrapolated to the ideal - gas limit can be written

as:

d ln(P )

dT
=
Lliq(T )

RT 2
, (5.1.1)
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where Lliq(T ) is the enthalpy of vaporization as a function of temperature and

R=8.314 472 Jmol−1K−1 is the molar gas constant. A starting point is needed for the

integration of equation 5.1.1. The integration can start at the triple point (pressure

Pt =611.657± 0.01 Pa, temperature Tt =273.16 K).

It is necessary to know the temperature dependence of Lliq(T ) to integrate Eq. (5.1.1).

The equation for Lliq(T ) was published in [87]:

Lliq(T ) = Lliq,t +

T∫
Tt

∆Cp(T
′)dT ′ +

T∫
Tt

dp

dT ′

[
(vvap − vliq)− T ′

(
∂(vvap − vliq)

∂T ′

)
p

]
dT ′,

(5.1.2)

where Lliq,t is the enthalpy of vaporization at the triple-point temperature Tt, ∆CP

is the difference in isobaric molar heat capacities (∆CP = CP,liq − CP,vap), vvap and

vliq are the molar volumes of vapor and liquid, respectively. The second integral is

very small compared to the first one. For example, if vvap >> vliq and the behavior of

the vapor is approximated by an ideal-gas equation, the second integral is zero. The

enthalpy of vaporization at the triple point is Lliq,t =45054.7 J·mol−1 [16] (IAPWS-

95). Equation (5.1.2) can be written

Lliq(T ) = 45054.7 +

T∫
Tt

∆CP (T ′)dT ′. (5.1.3)

From [85], one can obtain the relation for CP,vap (in J·mol−1K−1):

CP,vap = 33.2618 + 0.00187T − 0.06165T exp

(
−
(

T

129.85

)2
)

+

0.06163T exp

(
−
(

T

125.1

)2
)
. (5.1.4)

Therefore it is sufficient to know only CP,liq at atmospheric pressure to be able to

calculate Lliq(T ). It is assumed that at temperatures near 155 K, the heat capacity
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of the liquid water is close to the heat capacity of ice [85, 86], namely, CP,liq is equal

to CP,ice of hexagonal ice plus 2 J·mol−1K−1. Murphy and Koop [85] obtained the

equation for CP,ice (in Jmol−1K−1):

CP,ice = −2.0572 + 0.14644T + 0.06163T exp

(
−
(

T

125.1

)2
)
. (5.1.5)

It is therefore possible to write in the temperature range between 123 K and 167 K

(in Jmol−1K−1):

CP,liq = −0.0572 + 0.14644T + 0.06163T exp

(
−
(

T

125.1

)2
)
. (5.1.6)

From Eqs.( 5.1.4, 5.1.6) one can obtain :

∆CP (T ) = −33.319 + 0.14457T + 0.06165T exp

(
−
(

T

129.85

)2
)
. (5.1.7)

There are several ways to get CP,liq for temperatures between 236 K and 273 K. The

data for CP,liq from [10, 88] are used in the temperature interval.

5.2 Isobaric heat capacity

From Eq. (4.3.6)

CP = CP,cr + CP,b = −R · T
T c

(a2
2χ1 + 2a2b1χ12 + b2

1χ2) + CP,b. (5.2.1)

We have used the following steps to obtain the background function CP,b:

A) It is assumed in the region of temperatures between 123 K and 167 K, that

CP is equal to CP,ice of hexagonal ice plus 2 J·mol−1K−1. We use Eq. (5.1.6).

B) Pátek et al. [88] developed equations for the properties of water at ambient

pressure for temperatures between 253 K and 383 K. The properties are based on
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IAPWS-95 (within tolerances). We use CP from this work in this temperature inter-

val.

C) The data of Archer and Carter [10] are used for temperatures between 236 and

250 K.

D) The critical part of CP is calculated from Eq.(5.2.1) for all temperature inter-

vals.

E) The critical part is subtracted from values obtained in steps A), B) and C).

As a result, the CP,b values are obtained in the temperature intervals. It is possible

to fit the values with some analytical function - the least-squares method was used.

F) The background CP,b is fitted with some analytical functions, and we suppose

that the background function is valid in the entire temperature interval between 130

K and 383 K. One can calculate the critical part of Eq.(5.2.1) and obtain

CP = CP,cr + CP,b.

Changing the value of coefficient a2 in Eq.(4.3.1) from 1 to 1.25 [89] was suggested

to eliminate the undesirable behavior of the background function. For the background

function CP,b, the behavior is displayed in Figure 5.2.

CP,b = 6725.474 + 6462.0717 · τ − 552.53268 · e−τ3 + 88.473461 · e−(4−τ)4

−12454.046 · τ 1/2 − 500.781 · τ 2, (5.2.2)

where τ = T/100. The values of CP together with the background function are shown

in Figure 5.3. We can use the Murphy and Koop equation to get values of CP . From

Eqs.(5.1.1,5.1.3), it is possible to express

CP,liq = CP,vap −
d

dT

(
RT 2d ln p

dT

)
. (5.2.3)

From Eqs.(5.0.2,5.2.3) one can calculate the values of CP and compare them. The



43

Figure 5.2: Background function CP,b Eq.(5.2.2) with a2 = 1.25.

comparison is displayed in Figure 5.4. We can see differences in extrapolation into

the “no man’s land” region between CP from Eq.(5.2.3) and values gained by using

the scaled equation. We believe that our extrapolation gives more accurate results,

because only the background function is extrapolated while the critical part of CP is

given by a scaled equation.

5.3 Calculation of vapor pressure

The values of CP,liq and CP,vap can be substituted in Eq.(5.1.3) for the calculation of

Lliq. A numerical integration has been performed. The obtained values are displayed

in Figure 5.6. If the Clausius-Clapeyron equation is integrated (numerically), then

the values for the vapor pressure are obtained.
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Figure 5.3: Isobaric heat capacity calculated with Eq.(5.2.1) in the interval 123 K -
273 K (solid line) and the background function from Eq.(5.2.2) (dashed line).

We used the fact that the Wagner-Pruß equation describes the calculated vapor-

pressure data very well in the region below the triple point to temperatures near

-30◦C (Figure 5.1). We added correction terms to the Wagner-Pruß equation. The

terms are significant only in the region 130 K - 250 K. The resulting equation is

lnP = ln(2.2064 · 107) +

(
Tc
T

)
(−7.85951783 · τ + 1.84408259 · τ 1.5

−11.7866497 · τ 3 + 22.6807411 · τ 3.5 − 15.9618719 · τ 4 + 1.80122502 · τ 7.5)

−0.05611 · e−τ42 − 14.2133 · τ−8
1 + 46.174 · τ−9

1 − 32.52 · τ−10
1 , (5.3.1)

where τ = 1− T/Tc, Tc =647.096 K, τ1 = T/100 K, τ2 = (T − 182 K)/35 K, with P

in Pa.

The deviations 100(P − PEq.(5.3.1))/PEq.(5.3.1) are displayed in Figure 5.6.
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Figure 5.4: Isobaric heat capacity in the interval from 123 K to 273 K (the dashed
line for CP calculated from the scaled equation (5.2.1) and the solid line for values
calculated from Eq.(5.2.3))

5.4 Vapor pressure - Conclusion

In the chapter we have constructed noncritical background functions for isobaric heat

capacity and we have used this knowledge to calculate vapor pressure data in the wide

interval of temperatures from 123 K to 273.16 K. We have used the Murphy and Koop

vapor pressure equation to calculate the values of isobaric heat capacity, and compared

them with isobaric heat capacity calculated from the scaled equation. We believe that

the extrapolation gives more accurate results, because only the background function

is extrapolated. We have proved that the Wagner-Pruß equation can be used down to

-30◦C, and we have developed some additional terms to the equation to describe the

behavior of the vapor pressure down to 123 K. Eq.(5.3.1) describes the vapor pressure

of water in the interval of temperatures from 123 K to 647 K.
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Figure 5.5: Enthalpy of vaporization as a function of temperature-values obtained
from numerical integration of Eq.(5.1.3).

Figure 5.6: Deviations of Eq.(5.0.2) (dashed line) and Eq.(5.0.1) (solid line) from
Eq.(5.3.1).



Chapter 6

Surface tension of water

Liquid-vapor interface attracts a wide research interest in recent several years because

of its importance in atmospheric phenomena, biological and technical applications. It

is this force of the surface tension that allows insects to walk on water. The surface

tension allows water to rise in a capillary tube. Water has especially the large surface

tension compared to some simple liquids owing hydrogen-bonding structure at the

surface. Surface tension properties of supercooled liquid water have importance in

the atmosphere. Cloud droplets have shown to stay liquid water down to 235 K. Ho-

mogeneous and heterogeneous nucleation processes transforming supercooled droplets

into ice crystals have significant importance to radiative forcing and climate.

6.1 Introduction

Much has been written about a second inflection point of the temperature depen-

dence of the water surface tension, but this theme still remains subject of controversy

[90, 91, 92]. The same data can be used to support different hypotheses. When

the surface tension above 0◦C is explored, the inflection point is either very weak,

or it does not exist at all [90]. We have decided to include the data of the surface
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tension from the supercooled water region [5, 3, 4]. Because of lower accuracy of the

experimental data in this region, it was reasonable to include results of the molecular

dynamics study [92, 6] into our research.

The International Association for the Properties of Water and Steam (IAPWS)

issued the Release on the Surface Tension of Ordinary Water Substance in 1994 [2] .

For temperatures between 0.01◦C and 374 ◦C, this release contains critically evaluated

data of the surface tension σ, with estimated values of an uncertainty ∆σ. A very

elegant interpolating equation was recommended in the aforesaid IAPWS release in

1994:

σ = Bτµ(1 + bτ), (6.1.1)

where B=235.8 mN·m−1, τ = 1 − T
Tc

, Tc = 647.096 K, µ = 1.256, b = −0.625, T is

temperature in K. The range of validity of Eq.( 6.1.1) is between the temperature of

the triple point 273.16 K and the critical temperature Tc=647.096 K.

6.2 Inflection point

An excellent review of recent equations describing the surface tension of supercooled

water at ambient pressure is possible to find in [93, 94]. Using the evaluated data

gained in [2], we have recalculated coefficients of IAPWS equation (6.1.1) and obtained

new coefficients that give a better fit. The original and new values of coefficients,

inflection point and sum of squares are shown in the Table 6.1.

To create as simple equation as possible, we rounded coefficients of the new fit in

the next step. Deviations from evaluated data [2] are displayed in Figure 6.1.
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Table 6.1: IAPWS and new fits

Equation Description B b µ Inflection point Sum of squares
T [K]

IAPWS IAPWS 235.8 -0.625 1.256 529.6 0.0534
N Best fit 237.2 -0.6297 1.2595 529.1 0.0296
R Rounded 237.4 -0.63 1.26 528.9 0.038

Resulting from Eq. (6.1.1), the inflection points (Tab. 6.1) are given by conditions

d2σ

dτ 2
= µBτµ−2((µ− 1) + b(µ+ 1)τ) = 0. (6.2.1)

Such a formula yields only just one value of the inflection point Ti for each equation

(Tab. 6.1):

Ti = Tc(1 +
µ− 1

b · (µ+ 1)
). (6.2.2)

These values Ti correspond well with the value of 525 K presented in [92]. Many

authors have searched the weak inflection point [90, 92, 6] in the vicinity of 0◦C.

Using data above 0◦C, it is difficult to get a proof of an existence of the second

inflection point, because of the experimental uncertainties.

Gittens [90] set that new experimental method is needed to get accuracy of mea-

surements at least 0.001 mN·m−1. Provided the IAPWS evaluated data are the best

existing data for the surface tension above 0◦C, a function of temperature dependence

is concave in this region (see Figure 6.2).

That is why the data below 0◦C are necessary for test of the second inflection

point existence. Experimental data for supercooled water [5, 3, 4] are presented in

Figure 6.3.

As we can see in Figure 6.3, uncertainties of experimental values in the supercooled

region are larger than for temperatures above 0◦C. Data gained by Hacker [3] are used
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Figure 6.1: Deviations of data yielded from equations with various coefficients (Ta-
ble 6.1) and evaluated data (IAPWS - [2]). Triangles - deviations of original IAPWS
approximation 6.1.1, asterisks - deviations of the new equations (N), circles - rounded
coefficients of the new equation (R).

in the book by Pruppacher and Klett [87]. The authors have also taken into account

an assumption of singularity behavior of liquid water near -45◦C. They presented [87]

the equation for the surface tension σ [mN·m−1]:

σ =
6∑

n=0

ant
n, (6.2.3)

where t is temperature in ◦C, a0 = 75.93, a1 =0.115·10−6, a2 =6.818·10−2, a3 =6.511·10−3,

a4 =2.933·10−4, a5 =6.283·10−6, a6 =5.285·10−8.
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Figure 6.2: The IAPWS formulation for the temperature dependence of the surface
tension is a concave function in the temperature interval from 0◦C to 100◦C. Solid
line - IAPWS approximation Eq.(6.1.1), dashed line - the line connected values of the
surface tension at 0◦C and 100◦C, circles - IAPWS evaluated data [2].

Unfortunately, Eq. (6.2.3) does not meet the values of IAPWS at 0◦C. The polyno-

mial fitted only to negative temperatures and it is not possible to use it for any tem-

peratures above 0◦C. The singularity assumption of the surface tension near −45◦C

as it was used in [87] is not valid [95]. There exist two basic sets of experimental

data of the surface tension at negative temperatures. The data ICT [95] exist only

down to -8◦C and cannot directly influence a searching of the inflection point. Hacker

data [3] show higher values in the supercooled water region than Floriano and Angell

data [4]. Floriano and Angell data show higher dispersion mainly in the region of
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Figure 6.3: Experimental data for the surface tension in the region of supercooled
water. Asterisks - [3], circles - [4], squares - [5].

lower temperatures. It is difficult to predict the form of an extrapolation without

further information.

We have used the molecular dynamics (MD) study [6] on surface properties of

supercooled water. The extended simple point charge (SPC/E) potential was used, to

calculate the surface tension in a temperature range from 228 K to 293 K. Because the

results of simulations in supercooled region are in a good agreement with experimental

data, we have assumed we can use the data down to 228 K from this study. These data,

IAPWS [2] and Prupacher and Klett [87] extrapolations are displayed in Figure 6.4.

One can see that Prupacher and Klett approximation (6.2.3) gives a good fit of
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Figure 6.4: Experimental data for supercooled water and extrapolations: Asterisks
- [3], circles - [4], squares - [5], diamonds - [6], dashed line - Eq.(6.1.1), solid line
- Eq.(6.2.3)

the Hacker data [3] and it is not possible to use them for temperatures below −38◦C

and above 0◦C. On the contrary, the extrapolation (6.1.1) satisfactorily describes

the Floriano and Angell data [4]. As it was mentioned above, Eq.(6.1.1) does not

yield any inflection point in this temperatures region. Even an absolute value of the

second derivative of a temperature dependence of the surface tension is growing, if

the temperatures go down. It means the IAPWS function (6.1.1) is concave also in

the negative temperatures region. The IAPWS form of the temperature dependence

of the surface tension Eq.(6.1.1) is very accurate for the description of values above

0◦C. In the negative temperatures region, IAPWS equation (6.1.1) describes only
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experimental data [4]. A correction of this equation is needed. We tried to find such

a correction in the form:

σ = Bτµ(1 + bτ + cτn). (6.2.4)

Here c is a new parameter (probably positive) and n is an unknown power. We

wanted to keep the IAPWS equation (6.1.1) for temperatures above 0◦C, and fix the

parameters B, b in the first step. One can read

σ = τµ(B + Cτ +Dτn), (6.2.5)

where C = B · b and D = B · c. Whence follows:

D · τn =
σ

τµ
−B − C · τ. (6.2.6)

To find the correction, we calculated the right side of Eq.(6.2.6) for all experimental

and calculated data [5, 3, 4, 6] and used a regression method to find coefficients D,n

values. Using this, we have got the optimal values D = 1.1868 · 107 and n=3 (only

a natural exponent n was the target).

As shown in Figure 6.5, there exists the second inflection point in this temperature

dependence of the surface tension. This inflection point value was calculated at the

temperature of about 1.5◦C. Deviations of the surface tension values calculated using

(Eq. 6.2.5) from IAPWS evaluated data [2] are graphed in a Fig. 6.6. All deviations

are in a range of uncertainties tabulated in [2].

We can optimize the parameters of (Eq. 6.2.5) subsequently (to the IAPWS eval-

uated data [2]) and we obtain values B=235.8, C=-147.424, D=1.2038·107, n=33,

µ=1.256. Such an optimization yields slightly better approximation of evaluated

data [2], as shown in Fig. 6.7.
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Figure 6.5: The temperature dependence of the surface tension from 6.2.5. Experi-
mental data [3] - asterisks, [4] - circles, [5] - squares. Calculated data [6] - diamonds.

6.3 Inflection point - conclusions

We have modified parameters of Eq.( 6.1.1) to get smaller deviations from evaluated

data [2]. Even our approximation of Eq.( 6.1.1) parameters to the lower number

of decimal places leads to better results than IAPWS Eq.( 6.1.1). The possibility

of an existence of the second inflection point in the temperature dependence of the

surface tension is discussed. The analysis of experimental data for the surface tension

of supercooled water was made. These data were completed with values calculated

using molecular dynamic [6]. Next term has been added to Eq.( 6.1.1) to fit all of

data. Eq. 6.2.5 follows from this. As it is shown in presented work, this equation
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Figure 6.6: Deviations of Eq. (6.2.5) (crosses) and the deviations of IAPWS Eq. (6.1.1)
(open circles) from IAPWS evaluated data [2].

leads to the inflection point value at the temperature of about 1.5◦C. Parameters

of Eq.( 6.2.5) were done more precise in the next step. This leads to the relation

describing the surface tension values of ordinary water between 228 K and 647 K.
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Figure 6.7: Deviations of Eq. (6.2.5) with optimized parameters (crosses) and devia-
tions of IAPWS Eq. (6.1.1) (open circles) from data evaluated by IAPWS [2].



Chapter 7

Supercooled water - recent
development

Basic principles of supercooled water behavior were further described in various

papers [11, 96, 55]. A brief summary of new findings is given in this chapter.

Recently, Stokely et al. [97] have shown, how all four scenarios can be described by

varying two quantities, the strength of the hydrogen bonds and the cooperation of the

hydrogen bonds. Three of the scenarios are discussed in Chapter 1, the fourth scenario

is the critical-point free (CPF) scenario hypothesis. This scenario supossed a first-

order phase transition line separating two liquid phases and extending to P < 0 down

to the (superheated) limit of liquid water stability [98]. No critical point is presented

in this scenario.

7.1 Bertrand - Anisimov model

Bertrand and Anisimov [11] used a particular choice of the critical entropy, Ŝc = 0. In

the paper, the scaling fields were assumed to be the following combination of physical
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fields, the pressure P and the temperature T :

h1 = ∆T̂ + a′∆µ̂, (7.1.1)

h2 = −∆µ̂, (7.1.2)

h3 = ∆P̂ −∆µ̂. (7.1.3)

In the equations a′ coefficients of the model represent the slope −dT̂ /dP̂ along the

liquid - liquid transition line (h1 = 0). In this case, molar entropy and molar density

are given by

∆Ŝ = φ1, (7.1.4)

∆ρ̂ = −φ2 + a′φ1. (7.1.5)

The following relation for the Widom line was used

T = A + BP + CP 2 = 231.4− 147.8 · 10−3 · P − 339.9 · 10−6 · P 2. (7.1.6)

In the equation the temperature T is in K and the pressure P is in Pa.

For critical parts of physical response functions, namely the isothermal compress-

ibility, the isobaric thermal expansivity and the isobaric heat capacity, one gets:

(
ρ̂2κ̂T

)
cr

=

(
∂ρ̂

∂µ̂

)
T̂ ,cr

= χ2 − 2a′χ12 + (a′)2χ1, (7.1.7)

(ρ̂α̂P̂ )cr = −
(
∂ρ̂

∂T̂

)
P̂ ,cr

= χ12 − a′χ1 + Ŝ
(
ρ̂2κ̂T

)
cr
, (7.1.8)(

ρ̂
ĈP

T̂

)
cr

=

(
ρ̂
∂Ŝ

∂T̂

)
P̂ ,cr

= χ1 + 2Ŝ (ρ̂α̂P̂ )cr − Ŝ
2
(
ρ̂2κ̂T

)
cr
. (7.1.9)

Reduced entropy per mol in the equations is

Ŝ =
Ŝc + φ1

1− φ2 + a′φ1

. (7.1.10)
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Figure 7.1: Isobaric heat-capacity experiments for H2O (open circles [7], crosses [8],
diamonds [9] and squares [10]) and the prediction of the scaling parametric equation of
state (solid curve in the metastable region and dashed curve in the unstable region).
The estimated noncritical background is plotted as a dotted-dashed line. Figure
copied from [11].

The comparison with experimental data is shown in Figures (7.1, 7.2, 7.3). The

background functions for the Bertrand and Anisimov model are described in Table

7.1. The parameters of the model are in Table 7.2.
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Figure 7.2: Isothermal compressibility experimental data for H2O along isobars
[12, 13](0.1 MPa (stars), 10 MPa (open circles), 50 MPa (squares) and 100 MPa (tri-
angles)) compared with the scaling prediction at the same pressures (solid curves).
Figure copied from [11].

7.2 HBAS model

A new paper describing thermodynamic properties of supercooled water was published

recently [96]. We will call this model the HBAS model (Holten-Bertrand-Anisimov-

Sengers). The following model was adopted:

h1 = ∆T̂ + a′∆P̂ , (7.2.1)

h2 = −∆P̂ + b′∆T̂ , (7.2.2)

h3 = ∆P̂ −∆µ̂+ ∆µ̂r. (7.2.3)
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Figure 7.3: Thermal expansivity experimental data for H2O at 0.1 MPa (open circles
[14] and squares [15] and the prediction of the scaling parametric equation of state
(solid curve in the metastable region and dashed curve in the unstable region). The
estimated noncritical background is plotted as the dotted-dashed line. Figure copied
from [11].

In the equations, a′ is a coefficient of the model representing the slope −dT̂ /dP̂ of the

phase coexistence or the Widom line at the critical point, b′ is a coefficient describing

the asymmetry of the phase transition of supercooled water in terms of the entropy

order parameter. To obtain the complete behavior of the thermodynamic properties,

the previous works [84, 89, 11] included temperature - dependent background func-

tions of each property separately, it means the description of the properties could be

mutually thermodynamically inconsistent. In the paper, the background is added to
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Table 7.1: Background functions of the Bertrand-Anisimov model

Property Pressure(MPa)

(ĈP )b = 0.588∆T̂ + 8.585 0.1

(κT )b = 9.808∆T̂ − 17.60[10−4MPa−1] 0.1

(κT )b = 12.15∆T̂ − 17.73[10−4MPa−1] 10

(κT )b = 7.305∆T̂ − 14.33[10−4MPa−1] 50

(κT )b = 2.431∆T̂ − 10.53[10−4MPa−1] 100

(αP )b = 0.892∆T̂ + 0.527[10−3K−1] 0.1

Table 7.2: Parameters of the Bertrand and Anisimov model

a′ Pc Tc a k
0.066 27.5 MPa 227.1 K 0.34 0.34

the chemical potential and all other background functions can be calculated accord-

ing to thermodynamic rules. The regular contribution to the chemical potential is

represented by the truncated Taylor-series expansion around the critical point:

∆µ̂r =
∑
m,n

cmn(∆T̂ )m(∆P̂ )n. (7.2.4)

The coefficient c00 = 0 because it is supposed that ∆µ̂rcr = 0 . The coefficient

c01 = ∆V̂ = 0 and because the zero entropy ∆Ŝ was chosen, c10 = 0. In this case,

the molar volume and the entropy molar density are given by

∆V̂ =

(
∂µ̂

∂P̂

)
T

= −a′φ1 + φ2 + ∆µ̂r
P̂
, (7.2.5)

∆Ŝ = −
(
∂µ̂

∂T̂

)
P

= φ1 + b′φ2 −∆µ̂r
T̂
. (7.2.6)

For ∆µ̂r the subscript P̂ indicates the derivative with respect to P̂ at constant T̂ ,

and the subscript T̂ indicates the derivative with respect to T̂ at constant P̂ .

For the critical parts of the physical response function, namely the isothermal

compressibility, the isobaric thermal expansivity and the isobaric heat capacity, one
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Table 7.3: Parameters of the HBAS model

Pc 27.5 MPa c11 1.5363× 10−1

Tc 224.23 K c12 −6.4879× 10−3

ρc 948.77 kg m−3 c13 7.7090× 10−3

a 0.22924 c20 −3.8888× 100

k 0.37704 c21 1.7347× 10−1

a′ 0.090 c22 −6.4157× 10−2

c02 7.1779× 10−2 c23 −6.9850× 10−3

c03 −4.0936× 10−4 c30 6.9813× 10−1

c04 −1.0996× 10−3 c31 −1.1459× 10−1

c05 2.9497× 10−4 c32 7.5006× 10−2

gets:

κ̂T,cr = − 1

V̂

(
∂V̂

∂P̂

)
T

=
1

V̂

[
χ2 − 2a′χ12 + (a′)2χ1 −∆µ̂r

P̂ P̂

]
, (7.2.7)

α̂V,cr = − 1

V̂

(
∂V̂

∂T̂

)
P

=
1

V̂

[
b′χ2 + (1− a′b′)χ12 − a′χ1 + ∆µ̂r

T̂ P̂

]
, (7.2.8)

ĈP,cr = T̂

(
∂Ŝ

∂T̂

)
P̂

= T̂
[
χ1 + b′2χ2 + 2b′χ12 −∆µ̂r

T̂ T̂

]
. (7.2.9)

The parameters of the HBAS model are in Table 7.3.

The HBAS model implies a linear liquid-liquid transition (LLT) line. The model

with parameters of Table 7.3 is called the asymptotic model and the validity of the

model is restricted to the pressures not exceeding 150 MPa [96]. The value of the

parameter a′ is restricted to the range of 0.065 to 0.090. Because the position of

the LLT line is not exactly known, the deviation of the critical point was from the

Mishima’s curve was tolerated up to 3 K. The model was not very sensitive to the

critical pressure, Pc was constrained to the value Pc = 27.5 MPa, the value obtained

from the Bertrand and Anisimov model. The mixing coefficient b′ was set to zero.

The value of β was set to the value 0.3265 (Pelissetto and Vicari [69]). The fitted

model is valid up to 300 K and from 0 to 150 MPa.
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Table 7.4: Parameters of the extended HBAS model

Pc 56.989 MPa c12 −4.6569× 10−3

Tc 213.89 K c13 2.3627× 10−3

ρc 949.87 kg m−3 c14 −2.8697× 10−4

a 0.11624 c20 −3.6144× 100

k 0.43280 c21 −1.5009× 10−2

a′ 0.10898 c22 −2.4609× 10−2

c02 4.0793× 10−2 c23 9.8679× 10−4

c03 −6.7912× 10−4 c30 5.4267× 10−1

c04 −7.5669× 10−6 c31 1.0620× 10−1

c05 1.0922× 10−5 c32 1.2759× 10−2

c11 1.9547× 10−1 c41 −7.9970× 10−2

The paper [96] introduced so called extended scaling model in which any con-

straints on the slope of the LLT line and on the critical parameters were removed.

The semi-empirical extended model is based on the addition of two background terms,

and the model is then able to describe experimental data up to 400 MPa.



Chapter 8

Supercooled water - mean field
approximation

8.1 Testing of the properties of the mean field

approximation

During a research fellowship at the University of Maryland, the mean field approxima-

tion of the scaled equation of state was tested. For relationships between the scaling

fields and the physical fields near the liquid-liquid critical point in supercooled water,

we adopteded [99]

h1 = ∆T̂ + a1∆P̂ + a2(∆P̂ )2, (8.1.1)

h2 = −∆P̂ + b1∆T̂ , (8.1.2)

h3 = −∆µ̂+ ∆P̂ − Ŝc∆T̂ . (8.1.3)

In the equations we have neglected a contribution from the additional physical field

∆µ̂ to h1 and h2, since such contributions only become significant in highly asymmetric

systems [100, 82]. In the relations above, a1, a2 and b1 are system-dependent coeffi-

cients. The coefficients a1 and a2 represent the limiting slope and curvature of the
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phase-coexistence or Widom line h1 = 0. The coefficient b1 is a so-called mixing coef-

ficient in the revised scaling approximation [82]. While near the vapor-liquid critical

point the leading term in the expansion of the ordering field h1 is ∆µ̂, the leading

term in the expansion of h1 near the liquid-liquid critical point in supercooled water

is ∆T̂ , since the entropy yields now the major contribution to the order parameter

and not the density. The selected model differs from the model of Bertrand and

Anisimov [11] for supercooled water in two aspects. First, following Fuentevilla and

Anisimov [84], we have added a quadratic pressure contribution in the expansion of

h1 to accommodate a curvature of the phase-coexistence line and the Widom line as

a function of pressure. Secondly, we have preferred to formulate the scaling laws in

terms of the physical potential µ(T, P ) rather than in terms of P (T, µ) as was done

by Bertrand and Anisimov, because it leads to simpler expressions for some thermo-

dynamic properties. The equation (8.1.3) can be further simplified by taking Ŝc = 0.

One can express the volume V̂ and the entropy Ŝ:

V̂ = 1− a1,effφ1 + φ2, (8.1.4)

Ŝ = Ŝc + φ1 + b1φ2, (8.1.5)

with

a1,eff = a1 + 2a2∆P̂ . (8.1.6)

The theoretical model only applies to critical parts of various thermodynamic proper-

ties. Hence, to investigate whether the theory can account for the anomalous temper-

ature dependence of the response functions, we separated the isobaric heat capacity

ĈP , the isothermal compressibility κ̂T , and the thermal expansivity α̂V into a critical
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part and a noncritical background part [11]:

ĈP = ĈP,cr + ĈP,b, (8.1.7)

κ̂T = κ̂T,cr + κ̂T,b, (8.1.8)

α̂V = α̂V,cr + α̂V,b. (8.1.9)

The theoretical model only yields expressions for the critical parts of these response

functions:

ĈP,cr = T̂ [χ1 + 2b1χ12 + b2
1χ2], (8.1.10)

κ̂T,cr =
1

V̂
[a2

1,effχ1 − 2a1,effχ12 + χ2 + 2a2φ1], (8.1.11)

α̂V,cr =
1

V̂
− [a1,effχ1 + (1− 2a1,effb1)χ12 + b1χ2]. (8.1.12)

In the mean-field approximation (α = 0, β = 1/2), the field h3 can be represented

by the asymptotic Landau expansion [34, 101, 102]:

−h3 =
1

2
a0h2φ

2
1 +

1

4
u0φ

4
1 − h1φ1, (8.1.13)

where a0 and u0 are two system-dependent coefficients. Minimization of the potential

as a function of φ1 at constant h1 yields the condition

u0φ
3
1 + a0h2φ1 − h1 = 0, (8.1.14)

from which one can derive expressions for the scaling density φ2 and for the scaling

susceptibilities in term of the order parameter φ1:

φ2 = −1

2
a0φ

2
1, (8.1.15)

χ1 =
1

3u0φ2
1 + a0h2

, (8.1.16)
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χ2 = a2
0φ

2
1χ1, (8.1.17)

χ12 = −a0φ1χ1. (8.1.18)

We have compared the theoretical model for liquid-liquid critical behavior in the

Figure 8.1: Comparison of mean-field equation of state with experimental data for
the isobaric heat capacity at ambient pressure as a function of temperature. The
curves represent values calculated from the scaled equation. The symbols indicate
experimental data (diamonds [7], triangles [10], stars [8]. The estimated noncritical
background contribution is plotted as a dashed line.

mean-field approximation with experimental data for the isobaric heat capacity, the

isothermal compressibility and the thermal expansivity of supercooled water. The

background contributions in Eqs. (8.1.7-8.1.9) should be smooth analytic functions of

temperature and pressure and should not display any singular behavior as a function
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of temperature or pressure [89]. We have tried the simplest background representation

possible, namely a linear function of temperature for each experimental isobar:

ĈP,b = A+BT̂ , (8.1.19)

κ̂T,b = C +DT̂ , (8.1.20)

α̂V,b = E + FT̂ , (8.1.21)

where A,B,C,D,E, F are adjustable constants that parametrically depend on the

pressure. The coefficients a1 and a2 in Eq. (8.1.1) have been calculated from a fit to

the data for the Widom line as specified by Mishima [17]:

h1 = ∆T̂ + a1∆P̂ + a2(∆P̂ )2 = 0. (8.1.22)

We found the coefficient b1 in Eq. (8.1.2) to be very small, indicating little asym-

metry in the liquid-liquid critical behavior of supercooled water. Hence, in the final

fit the coefficient b1 was set equal to zero. The experimental data for the response

functions have been obtained as a function of temperature and pressure. At each T

and P , the scaling fields h1 and h2 are calculated from Eqs.(8.1.1,8.1.2) and then the

order parameter φ1 from Eq.(8.1.14). The molar volumes in Eqs.(8.1.11),(8.1.12) were

estimated from an extrapolation of the IAPWS-95 Formulation for the Thermody-

namic Properties of Ordinary Water Substance for General and Scientific Use [103].

Following Fuentevilla and Anisimov [84], we have neglected the small contribution

from the term 2a2φ1 in Eq.(8.1.11).

The coefficients a0 and u0 in the classical Landau expansion (Eq.(8.1.11)) and the

coefficients of the linear temperature dependence of the non-critical background con-

tributions given by Eqs.(8.1.19-8.1.21) were determined from fits to the experimental
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Figure 8.2: Comparison of mean-field equation of state with experimental data for
the isobaric heat capacity at ambient pressure as a function of temperature in more
detail

data. The critical parameters were also treated as adjustable constants but subject to

the condition that they must be located on the Widom line as given by Eq.(8.1.22).

The resulting values for the coefficients of the scaled equation of state are presented

in Table 8.1.

For the critical parameters we found Pc = 17 MPa and Tc = 229 K. However, the

chi-square of the fit depends relatively weakly on the values chosen for the critical

parameters Pc and Tc, so that they could not be determined accurately from the fits.

The comparison of our mean-field thermodynamic model with experimental data

for the heat capacity is shown in Figure 8.1, in detail in Figure 8.2, with experimental

data for the isothermal compressibility in Figure 8.3 , and with experimental data for
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Figure 8.3: Comparison of mean-field equation of state with experimental data for
the isochoric compressibility along isobars as a function of temperature. The curves
represent calculated values, symbols indicate experimental data (stars 0.1 MPa [12],
open circles 10 MPa [13], squares 50 MPa [13], triangles 100 MPa [13]).

the thermal expansivity data in Figure 8.4. These figures confirm that the assump-

tion of liquid-liquid critical behavior of supercooled water already in a mean-field

approximation yields a physically realistic explanation of the anomalous tempera-

ture dependence of the isobaric heat capacity, the isothermal compressibility, and the

thermal expansivity observed experimentally in supercooled water.
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Table 8.1: Parameters of the mean-field model

Pc 17 MPa
Tc 229 K
a0 0.017
u0 0.98
a1 0.0734
a2 0.0165
b1 0.

ĈP,b = A+BT̂ P = 0.1 MPa ĈP,b = 7.161 + 0.615T̂

α̂V,b = C +DT̂ P = 0.1 MPa α̂V,b = −1.273 + 1.102T̂

P = 40 MPa α̂V,b = −0.549 + 0.550T̂

P = 70 MPa α̂V,b = −0.0755 + 0.162T̂

P = 100 MPa α̂V,b = 0.362− 0.199T̂

κ̂T,b = E + FT̂ P = 0.1 MPa κ̂T,b = 0.163− 0.0942T̂

P = 10 MPa κ̂T,b = 0.151− 0.0866T̂

P = 50 MPa α̂V,b = 0.120− 0.0655T̂

P = 100 MPa α̂V,b = 0.0738− 0.0339T̂

8.2 Most recent results in the research

of the mean-field approximation

Holten et al.[55] have applied the mean field approximation to the HBAS model. Re-

cently, it has been shown that by assuming the existence of a liquid–liquid critical

point, the theory of critical phenomena can give an accurate account of the exper-

imental thermodynamic-property data up to the pressure of 150 MPa [11, 96]. In

addition, a phenomenological extension of the theoretical model can account for all

available experimental data of ordinary and heavy supercooled water up to 400 MPa

[96] within experimental accuracy, thus establishing a benchmark for any further de-

velopments in this area. In the works [11, 96] an asymptotic scaled equation was

used to describe the critical parts of the thermodynamic properties. However, the
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Figure 8.4: Comparison of mean-field equation of state with experimental data for the
thermal expansivity along isobars as a function of temperature. The curves represent
values calculated from the equations presented in this thesis. The symbols indicate
experimental data (squares 0.1 MPa [14], stars 0.1 MPa [15], open circles 0.1 MPa [16],
plus 40 MPa [17], diamonds 70 MPa [17], triangles 100 Mpa [17]).

actual experimental data are located in a non-asymptotic temperature range and

pressure range, not closer than 5 % (in relative temperature and pressure) from the

assumed location of the critical point. Any non-asymptotic features of the thermody-

namic properties were effectively absorbed by the adjustable analytic backgrounds.

The available numerical data in the critical region of the Ising model are known to

exhibit a crossover from scaled critical behavior asymptotically close to the critical

point to mean-field critical behavior further away from the critical point [104]. The

crossover from asymptotic scaled critical behavior to mean-field critical behavior has

also been observed in ionic solutions [105] and in polymer solutions [106]. Hence,
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the question arises whether the available experimental data in supercooled water can

also be effectively described in terms of a mean-field approximation. An advantage

is that mean-field equations for critical thermodynamic behavior are very simple and

suitable for practical applications if they do give a representation of the available

property data within experimental accuracy. Following Holten et al. [96], for the

relationships between the scaling fields and the physical fields near the liquid–liquid

critical point in supercooled water we adopt:

h1 = ∆T̂ + a′∆P̂ , (8.2.1)

h2 = −∆P̂ , (8.2.2)

h3 = ∆P̂ −∆µ̂+ ∆µ̂r. (8.2.3)

In (8.2.1), the system-dependent coefficient a′ represents the limiting slope of the

phase-coexistence or the Widom line h1 = 0. In Ref. [96], Eq. (8.2.2) contains an

additional mixing term b′∆T̂ on the right-hand side. Since this mixing term was not

found to improve the description [96], we have not included it. The equation (2.2.1)

only represents the asymptotic behavior of the so-called singular critical contribu-

tions to the thermodynamic properties. To obtain a complete representation of the

thermodynamic properties, we need to add a regular (i.e., analytic) background con-

tribution. As common practice in developing scaled equations of state in fluids near

the vapor-liquid critical point suggests [72, 107], the regular background contribution

is represented by the truncated Taylor-series expansion around the critical point:

∆µ̂r =
∑
m,n

cmn(∆T̂ )m(∆P̂ )n, (8.2.4)

with c00 = c10 = c01 = 0. The first two terms in the temperature expansion of ∆µ̂r de-

pend on the choice of zero entropy and energy and do not appear in the expressions of
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Figure 8.5: Hypothetical phase diagram of cold water. TM is the melting line [18, 19].
TH is the line of homogeneous ice nucleation [20, 21]. The location of the liquid–
liquid coexistence curve is shown as suggested by Mishima [17], and the location of
the LLCP (C), about 27 MPa, as suggested in Ref. [11]. The continuation of the
liquid coexistence curve into the one-phase region is the line of maximum fluctuations,
the Widom line [22].

any of the physically observable thermodynamic properties. Hence, these coefficients

may be set to zero. Furthermore, the coefficient c01 = Vc − 1 = 0. Strictly speaking,

critical fluctuations also yield an analytic contribution to h3 [102, 71]. In this thesis

we incorporate this contribution into the linear background contribution as has also

been done in Ref. [96]. From Eqs. (8.2.1–8.2.3) and the fundamental thermodynamic

differential relation can be written

dµ̂ = V̂ dP̂ − ŜdT̂ . (8.2.5)
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One finds for the volume V̂ and entropy Ŝ that

V̂ =

(
∂µ̂

∂P̂

)
T

= 1− a′Φ1 + Φ2 + ∆µ̂r
P̂
, (8.2.6)

Ŝ = −
(
∂µ̂

∂T̂

)
P

= φ1 −∆µ̂r
T̂
. (8.2.7)

We adopt the convention that the subscript P̂ indicates a derivative with respect

to P̂ at constant T̂ and the subscript T̂ indicates a derivative with respect to T̂

at constant P̂ . Finally, the dimensionless experimental susceptibilities, isothermal

compressibility κ̂T , expansivity coefficient α̂V , and isobaric heat capacity ĈP , can be

expressed in terms of the theoretical scaling susceptibilities

κ̂T = − 1

V̂

(
∂V̂

∂P̂

)
T

=
1

V̂

[
χ2 − 2a′χ12 + (a′)2χ1 −∆µ̂r

P̂ P̂

]
, (8.2.8)

α̂V =
1

V̂

(
∂V̂

∂T̂

)
P

=
1

V̂

[
χ12 − a′χ1 + ∆µ̂r

T̂ P̂

]
, (8.2.9)

ĈP = T̂

(
∂Ŝ

∂T̂

)
P̂

= T̂
[
χ1 −∆µ̂r

T̂ T̂

]
. (8.2.10)

These equations contain fewer terms than the ones in Ref. [96] because we have not

included the mixing term b′∆T̂ in Eq. (8.2.2) as explained above. In the linear model

the explicit relationships between the variables (h1, h2, φ1) and (r, θ) are

h1 = arβ+γθ(1− θ2), (8.2.11)

h2 = r(1− b2θ2), (8.2.12)

φ1 = krβθ, (8.2.13)

where a and k are system-dependent amplitudes, γ = 2− α− 2β, and where b is

a universal constant, b2 = (γ − 2β)/[γ(1− 2β)] ' 1.36. The scaling properties are
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analytic functions of θ. The weakly fluctuating scaling density derived from this

equation of state is

φ2 = akr1−αs(θ), (8.2.14)

and the scaling susceptibilities are given by

χ1 =
k

a
r−γc1(θ), (8.2.15)

χ12 = krβ−1c12(θ), (8.2.16)

χ2 = akr−αc2(θ), (8.2.17)

where the analytic functions s, c1, c12, and c2 are given in Chapter 3, ”Parametric

equation of state”. In the mean-field approximation (α = 0, β = 1/2) the field h3,

given by Eq. (2.2.1), can be represented by the truncated Landau expansion Eq.

(8.1.13). One can find that for h2 < 0, Eq. (8.1.14) also has a metastable solution

for a certain range of h1 values around zero. This range is limited by the spinodals

located at

φ1 = ±
(

2a0|h2|
u0

)1/2

, h1 = ±(2a0|h2|)3/2

3u
1/2
0

. (8.2.18)

On the binodal (h1 = 0 and h2 < 0), the values of φ1 are

φ1 = ±
(

6a0|h2|
u0

)1/2

. (8.2.19)

The linear model can also be used in the mean-field approximation. In this approxi-

mation, the values of the critical exponents are α = 0, β = 1/2, and γ = 1, and the

value of b2 is 3/2 [71]. The scaling densities and susceptibilities are

φ1 = kr1/2θ, φ2 = −1
2
akrθ2, (8.2.20)

χ1 =
k

a
r−1, χ12 = −kr−1/2θ, χ2 = akθ2. (8.2.21)
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Figure 8.6: Reduced sum of squared residuals as a function of the location of the
liquid–liquid critical point. (a) Unconstrained fit; (b) Constrained fit: slope of the
liquid–liquid transition line a′ restricted to the range 0.065–0.090.

The coefficients a0 and u0 in Eq. (8.1.13) are related to a and k according to

a0 = a/k, u0 = 3a/k3. (8.2.22)

For the computation of properties from the mean-field model, we did not use the

linear-model variables given above. Instead, the scaling fields h1 and h2 were com-

puted from Eqs. (8.2.1), (8.2.2), and the scaling densities φ1 and φ2 followed from

Eqs. (8.1.13) and (8.1.15). The scaling susceptibilities were calculated with Eqs.

(8.1.16–8.1.18), and the thermodynamic properties followed from Eqs. (8.2.6–8.2.10).

Nevertheless, the linear-model equations allow comparing the values of the Landau-

expansion coefficients a0 and u0 with the linear-model amplitudes a and k obtained

by the scaling model. In particular, the mean-field values a ' 0.17 and k ' 0.58,



80

Table 8.2: Parameters for EOS with Pc fixed at 0 MPa

Parameter Valuea Parameter Value

Tc (K) 229.25 c11 3.9564 ×10−1

Pc (MPa) 0.00 c12 -1.5833 ×10−2

ρc (kg m−3) 923.71 c13 2.9268 ×10−3

a0 0.29828 c20 -3.4876 ×100

u0 2.6209 c21 1.9529 ×10−2

a′ 0.087272 c22 -3.8655 ×10−2

c02 4.6287 ×10−2 c23 -3.1951 ×10−3

c03 3.3954 ×10−3 c30 5.4631 ×10−1

c04 -9.5250 ×10−4 c31 -3.3151 ×10−2

c05 1.1948 ×10−4 c32 5.6790 ×10−2

a Final digits of parameter values are given to allow reproducing the
values of properties calculated with the model but do not have
physical significance.

calculated from Eq. (8.2.22) with a0 and u0 taken from Table 8.2, can be compared

with the scaling-model values a ' 0.29 and k ' 0.38 [96]. Not surprisingly, these

values are of the same order.

While the liquid-liquid transition (LLT) is likely curved in the pressure-temperature

plane, as it is shown in Figure (8.5), we have used a linearized LLT, like in previous

studies [11, 96]. The mean-field critical model was fitted to the experimental property

data of supercooled and stable water up to 150 MPa in the same manner as described

by Holten et al. [96] for a scaled non-analytic parametric equation. With a completely

unrestricted slope and position of the LLT, the fit was found to be insensitive to the

critical pressure. As shown in Figure 8.6a, good fits could be obtained for critical

pressures from about −30 MPa to 60 MPa. To reduce the uncertainty in the location

of the critical point, the constraints used in Ref. [96] were adopted: a′, the slope of

the LLT, was restricted to the range 0.065–0.090, and the critical point was allowed
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Figure 8.7: Location of the liquid-liquid transition (LLT) lines of the limited-pressure-
range model (solid) and the extended-pressure-range model (dash-dotted). The
dashed curve is the experimental homogeneous ice nucleation temperature TH [20, 21].
The liquid–liquid critical points are denoted by C′ (limited model) and C′′ (extended
model). The spinodals (Eq.(8.2.18)) of the limited model are shown as dotted curves.

to deviate at most 3 K from the LLT curve suggested by Mishima [17]. With these

constraints, good fits were found for critical pressures in the range of about −10 MPa

to 10 MPa, as one can see in Figure 8.6b. The quality of the fit was insensitive to

the critical pressure for values in this range, so the critical pressure for this particular

model was set to zero. The resulting optimized parameters are given in Table 8.2,

and the location of the LLT is shown in Figure 8.6. The densities calculated from

the model are compared with experimental data in Figure 8.8. Good agreement with

the data is found, and the temperature of maximum density, shown in Figure 8.9, is
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Figure 8.8: Densities of H2O according to the model (curves). The symbols represent
experimental data of Mishima [17], Sotani et al. [23] and Hare and Sorensen [15].
The symbols for Mishima’s densities on different isobars are alternatingly open and
filled to guide the eye.

also well represented. The expansivity coefficient and isothermal compressibility cal-

culated with the model are graphed in Figures 8.10 and 8.11. The predicted isobaric

heat capacity agrees with the data of Archer and Carter [10], to which the model was

fitted. The predicted isochoric heat capacity becomes negative and diverges at about

229 K (at 0.1 MPa), which means that the liquid becomes thermally unstable below

that temperature. At lower temperatures, the liquid state also becomes mechanically

unstable, as is illustrated in Figure 8.13. The reversal of thermal and mechanical

stability in supercooled water was also found on the basis of a scaled non-analytic

equation of state [96]. In the previous study of Bertrand and Anisimov [96], it was
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Figure 8.9: Temperature of maximum density of H2O as a function of pressure ac-
cording to the model (thick solid curve). TM marks the melting curve [18, 19] and
its extension to negative pressures [24]; TH denotes the homogeneous nucleation limit
[20]. Symbols represent experimental data [25, 26, 27, 23, 17]. The temperatures of
maximum density for Mishima’s data [17] were determined by locating the maxima
of fits to his density data.

concluded that the mean-field equation of state could fairly describe the heat capacity

and thermal expansivity with linear background terms, while the compressibility was

not accurately represented. However, as shown in this work, with a certain freedom

of the location of the LLT line, we can describe all properties with the same quality

as the scaling model.

It is possible to extend the model in such a way that all experimental data of

supercooled water, up to the pressure of 400 MPa, can be represented. Such an

extension must be regarded as semi-empirical, since far away from the critical point

critical fluctuations are of no importance, and the non-critical regular part dominates
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Figure 8.10: Isothermal compressibility of H2O according to the model (curves). For
clarity, the curves are not shown for temperatures below the LLT line in the bottom
graph. Symbols represent experimental data of Speedy and Angell [12], Kanno and
Angell [13], and Mishima [17]. Solid and open symbols of the same shape correspond
to the same pressure.
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Figure 8.11: Expansivity coefficient of H2O according to the model (curves). Symbols
represent experimental data of Ter Minassian et al. [26] and Hare and Sorensen
[14, 15].
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Figure 8.12: Isobaric and isochoric heat capacity of H2O versus temperature at
0.1 MPa according to the model. Symbols represent experimental data of Angell
et al. [7] and Archer and Carter [10].

the thermodynamic properties. Moreover, a linearization of the LLT for pressures up

to 400 MPa is unlikely to be a good approximation of a curved LLT. Nevertheless,

by allowing the location and slope of the linearized LLT to be unconstrained, and

by adding two background parameters, all data could be represented. The optimized

parameters are given in Table 8.3, and the location of the LLT is shown in Figure

8.7. For the fit given here, the critical point is located at about 218 K and 34 MPa.

However, similarly to the limited-pressure model, a good fit can be obtained for critical

point locations in a certain range, in this case from about −10 MPa to 60 MPa.

The resulting description of the thermodynamic properties is similar to the limited-

pressure model, so only the result for the density is given here (Figure 8.14).

We have shown that a mean-field approximation of the theory of critical phe-

nomena can describe the anomalous thermodynamic properties of supercooled water
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Figure 8.13: Absolute stability limit of the liquid state, predicted by the limited-
pressure-range model. Solid line: limit of mechanical stability, where the isothermal
compressibility κT is zero. Dashed line: limit of thermal stability, where the isochoric
heat capacity CV is zero. C′ indicates the liquid–liquid critical point of the model.
The dotted line, at which h1 = 0 (8.2.1), indicates the liquid–liquid transition line
and its extension below the critical pressure, the Widom line. The inset shows the
stability limits in the vicinity of the critical point, which is located in the mechanically
and thermally stable region.

Table 8.3: Parameters for the semi-empirical equation of state

Parameter Value Parameter Value

Tc(K) 218.27 c12 -2.0115 ×10−2

Pc (MPa) 33.822 c13 2.7532 ×10−3

ρc(kg m−3) 932.67 c14 -2.0219 ×10−4

a0 0.28726 c20 -3.3946 ×100

u0 3.6547 c21 -1.0517 ×10−1

a′ 0.12275 c22 -7.8267 ×10−3

c02 4.1231 ×10−2 c23 2.0144 ×10−4

c03 5.5959 ×10−4 c30 4.8304 ×10−1

c04 -2.3590 ×10−4 c31 1.5453 ×10−1

c05 2.5739 ×10−5 c32 5.1032 ×10−3

c11 3.7040 ×10−1 c41 -7.9993 ×10−2
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with the same accuracy and with the same number of adjustable parameters as the

scaling theory. The reason of the insensitivity to a particular form of the equation of

state is the lack of experimental data in the region asymptotically close to the critical

point. In particular, without assumptions or independent information regarding the

position of the liquid-liquid transition line, the exact location of the critical point

becomes uncertain and cannot be accurately determined from the available thermo-

dynamic property data alone. However, we have verified that it is impossible to

represent the experimental data in terms of a polynomial representation that does

not include any divergent critical behavior of the thermodynamic response functions.

The mean-field approximation has advantages and disadvantages compared to the

scaling-theory equation of state. Computationally, the mean-field equation of state is

simpler than the one based on the scaling theory and is therefore easier for engineering

use. On the other hand, the mean-field approximation neglects critical fluctuations,

thus lacking an important physical feature of critical phenomena. In particular, it is

known that the critical fluctuations shift the location of the critical point, character-

ized by Pc/ρcRTc, by 10–15 % with respect to the mean-field prediction [108]. For the

liquid–liquid point in supercooled water, it would mean a fluctuation-induced increase

in the critical-pressure value by 10–15 MPa. When more experimental information

becomes available in the supercooled region, it may be possible to develop a crossover

equation of state, for example, based on a two-state model of water as suggested by

Bertrand and Anisimov [96], which would both incorporate critical fluctuations and

provide a correct mean-field description far away from the critical point [108].
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Figure 8.14: Densities of H2O according to the extended, semi-empirical model
(curves). The symbols represent experimental data of Mishima [17], Sotani et al.
[23] and Hare and Sorensen [15]. The symbols for Mishima’s densities on different
isobars are alternatingly open and filled to guide the eye.



Chapter 9

Summary

9.1 Conclusions

• The equation for vapor pressure was developed on the basis of the mean-field

approximation of the scaled equation for supercooled water. The range of va-

lidity of the vapor pressure equation is from 130 K to 647 K. The Wagner and

Pruß equation is possible to be used already for temperatures above 243 K, not

only in the range of validity from 273 K to 647 K. The results were presented

at the XV. IAPWS conference in Berlin (2008) and at the 17th Symposium on

Thermophysical properties in Boulder (2009).

• The analytic background functions for the Fuentevilla and Anisimov model in

the mean-field approximation were calculated and comparisons with experimen-

tal data were made. The results were presented at the XV. IAPWS conference

in Berlin (2008).

90
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• The evaluation of the influence of the new calculated and measured values of

critical exponents on the linear model of the parametric equation of state was

shown. The results were published in the Journal Littera Scripta,

2011 (in Czech).

• The mean-field approximation of the equation of state of supercooled water

was tested and the comparison with experimental data was carried out. This

research was executed at the University of Maryland and was supported by

a grant from the International Association for the Properties of Water and

Steam. The paper with the results has been submitted to the International

Journal of Thermophysics and is under review.

• Properties of the surface tension of supercooled water were studied and a new

relation describing the surface tension from 228 K to 647 K was developed. The

second inflection point of the temperature dependence of the surface tension

was calculated at the temperature about 1.5 C. This work is prepared to be

published.
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9.2 Future work

• The papers [11, 96] show, that the description of D2O is very similar to ordinary

water, only parameters are shifted. Mean-field approximation of properties of

D2O will be needed.

• Further testing of the developed models to all existing experimental data is

needed.

• A new practical state equation for supercooled water, suitable for meteorology,

studies of the aircraft icing, for atmospheric boundary layer physics or in biology,

etc. should be developed.

• We would like to continue in the cooperation with the world known research

group of Professors Mikhail A. Anisimov and Jan V. Sengers from the University

of Maryland, U.S.A. and with working groups of the International Association

for the properties of water and steam.
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[94] J. Hrubý. Nucleation and a new thermodynamic model of supercooled water. Nu-

cleation and Atmospheric Aerosols 2004: 16th International Conference, Kyoto

University Press, 2004.

[95] M. R. Feeney and P. G. Debenedetti. A theoretical study of the interfacial

properties of supercooled water. Ind. Eng. Chem. Res., 42:6396–6405, 2003.

[96] V. Holten; C. E. Bertrand; M. A. Anisimov and J. V. Sengers. Thermodynamics

of supercooled water. J. Chem. Phys., 136:094507, 2012.

[97] K. Stokely; M. G. Mazza; H. E. Stanley and G. Franzese. Effect of hydrogen

bond cooperativity on the behavior of water. Proc. Natl. Acad. Sci. U. S. A.,

107:1301 – 1306, 2010.



103

[98] C. A. Angell. Insights into phases of liquid water from study of its unusual

glass-forming properties. Science, 319:582 – 587, 2008.
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MAREŠ R., KALOVÁ J.: Critical exponents values for fluids and linear scaled equa-

tion of state, Littera Scripta, 4, 1, ISSN 1802-503X (2011), cze
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